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The coherence lengths of one-particle states described using quantum wave functions
are studied. We show that one particle states in various situations are not described using
simple plane waves but using wave packets that are superpositions of plane waves. A wave
packet is an approximate eigenstate of the free Hamiltonian and has a finite spatial size that
we call the coherence length. The coherence lengths in the coordinate space and momentum
space are studied in this paper. We investigate several mechanisms of forming wave packets,
stabilities of wave packets, and transformations of wave packets.

Subject Index: 060, 064

§1. Introduction

When particles are identified using detectors, they show classical trajectories.
These classical trajectories are observed because the particle’s wave functions have
finite sizes and the probability for the particle to be observed within this width
becomes unity.

A position x and a momentum p satisfy the canonical commutation relation,

[x, p] = i�, (1)

and a momentum eigenstate is extended in space. Thus, the momentum eigenstate
does not show a classical trajectory, and a linear combination of momentum eigen-
states, a wave packet, which has a finite spatial size, shows a classical trajectory.
Wave packets are necessary for describing states with finite spatial extensions.

Wave packet behaves like a particle and is convenient for studying the connection
between quantum mechanics and classical mechanics. Uncertainty relations and
other properties of quantum mechanics are described well using wave packets and
are explained in many textbooks of quantum mechanics.1)

In scattering experiments, an overlap between the initial and final states is stud-
ied. Since the final states are determined using detectors of finite sizes, they are
described using wave packets.2)–5) Their sizes are normally semimicroscopic between
microscopic and macroscopic lengths, and it is good to approximate the initial and
final states using plane waves if the typical scales of targets and interaction lengths
are microscopic.

The wave packets have been applied in various areas of physics such as electro-
magnetic wave propagations,6) particle scatterings,2)–4) and neutrino oscillations.7)–10)

Moreover, the fundamental problems of quantum mechanics that are connected with
measurements and their implications in quantum information, entanglements, and
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1112 K. Ishikawa and Y. Tobita

others are tested using beams of electrons, neutrons, and of photons or its coherent
states, lasers. However, in these cases, either the wave is classical or the coherence
lengths of waves in quantum physics are much larger than the typical scales of micro-
scopic objects. The interactions of these waves with microscopic objects were studied
using plane waves. A detailed qualitative study of microscopic physics, particularly
of particle physics, has not been made for wave packets.

We found that the situation has been changed now and there are many occasions
where the wave packet’s effects are important.11)–13) Particularly in the present
problems of fundamental physics where high precision, high energy, long distance,
and other new circumstances are required, these effects are expected to be important.
Qualitative theoretical investigations of the wave packet’s effects are lacking. It is our
objective to study the deviations of one-particle states from simple plane waves and
their consequences in many-body quantum systems. We mainly study the systems
of relativistic invariance, where space and time are treated equally.

The minimum wave packet is an idealistic wave packet that satisfies the minimum
uncertainty relation between the variances of coordinates and momenta. Although
they have been studied often,14),15) it is instructive to review the properties of the
minimum wave packet here for later convenience.

From the canonical commutation relation, Eq. (1), uncertainties in the position
and momentum satisfy

δxδp ≥ �

2
. (2)

In Gaussian wave packet, the coherent state of one variable x,

〈x|P0, X0〉 = N1e
i

P0
~

(x−X0)− 1
2γ

(x−X0)2
, (3)

N2
1 = (πγ)−

1
2 ,

P0

�
= k0, (4)

where X0 and P0 are the expectation values of x and p, the equality of Eq. (2) is
satisfied. The variances of x and p are, in fact,

(δx)2 = 〈|x2|〉 − 〈|x|〉2 =
1
2
γ2, (5)

(δp)2 = 〈|p2|〉 − 〈|p|〉2 =
�

2

2γ2
. (6)

The product of the variance of the momentum with that of the coordinate,

(δx)2 × (δp)2 =
(�)2

4
, (7)

is independent of γ and is the minimum allowed from the commutation relation.
The coherent state also satisfies the completeness condition,5)∫
dP0dX0

2π�
〈x|P0, X0〉〈P0, X0|y〉 =

∫
dP0dX0

2π�
N2

1 e
ik0(x−y)e

− 1
2γ

(x−X0)2− 1
2γ

(y−X0)2

= δ(x− y). (8)
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On Coherence Lengths of Wave Packets 1113

In higher dimensions, the products of the functions of each variable are used. They
satisfy the minimum uncertainty relations and completeness conditions in higher
dimensions.

For nonminimal wave packets, a function hm(x−X0) is multiplied to the right-
hand side,

〈x|P0, X0〉 = N1e
i

P0
~

(x−X0)− 1
2γ

(x−X0)2
hm(x−X0). (9)

The completeness condition, Eq. (8), is satisfied also in this case, but the product of
δx and δp is not minimum and is larger than the minimum. This packet should be
used in realistic cases of having a larger value of the product of uncertainties. If the
function hm(x−X0) is a Hermite polynomial of order m, the product of uncertainties
becomes

δxδp = m× �

2
. (10)

A wave packet emerges from the matter effects. The wave in the medium is
affected by disorders and is described by one function within a finite length, which
we define as a coherence length. When this wave of finite coherence is emitted from
the medium into the vacuum, it has a finite time length and a finite energy width,
because the wave in the matter lives for a finite period of time, of the order of a
mean free time. Consequently, this wave packet in the vacuum is not the eigenstate
of the Hamiltonian but it is the linear combination of different energies. Its width
is determined from the interactions of the particle with scatterers. There are other
situations where wave packets are formed. We will study them and estimate wave
packet sizes in §2.

Since the wave packet is a linear combination of plane waves of different energies,
the wave packet is not a stationary state and varies with time. For a nonrelativistic
particle of mass m, the energy, E = �p2

2m , has the width

ΔE =
p

m
Δp = vΔp, v =

p

m
, (11)

and the time width is given by

Δτ =
�

ΔE
=
Δx

v
, Δx =

1
Δk

, Δk =
Δp

�
. (12)

In the above equations, the energy width ΔE, time width δτ , and position width
Δx are determined using the momentum width Δp.

The position of the wave packet also varies with time in a manner that follows
a classical trajectory of the velocity given by the central value of the momentum.
Furthermore, the wave packet spreads with time with a speed that depends on the
mass and initial size.

The other feature of the wave packets can be observed in a momentum correla-
tion,

C(�p1, �p2) = (〈�p1|α〉)(〈�p2|α〉)∗ = 〈�p1|α〉〈α|�p2〉, (13)
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1114 K. Ishikawa and Y. Tobita

where the state |α〉 is one state described using a wave packet and |�p〉 is a momentum
eigenstate. If the state |α〉 is a momentum state |�q〉, then we have

C0(�p1, �p2) = (〈�p1|�q 〉)(〈�p2|�q ′〉)∗ = δ(�p1 − �q)δ(�p2 − �q), (14)

and C0(�p1, �p2) is proportional to δ(�p1 − �p2).
If the state |α〉 is a wave packet described using the momentum state |�q〉 as

|α〉 =
∫
d�qFα(�q)|�q〉, (15)

then we have

C(�p1, �p2) =
∫
d�q1F

∗
α(�q1)d�q2Fα(�q2)δ(�p1 − �q1)δ(�p2 − �q2)

= F ∗
α(�p1)Fα(�p2). (16)

Thus, the correlation function vanishes if |�p1 − �p2| is larger than the momentum
width of the wave packet. When all the states of a complete set are added,∑

α

C(�p1, �p2) =
∑
α

〈�p1|α〉〈α|�p2〉 = δ(�p1 − �p2), (17)

then the correlation function agrees with the delta function. For a state described
using a wave packet, C(�p1, �p2) deviates from δ(�p1 − �p2). The deviation of the corre-
lation function C(�p1 − �p2) from the δ(�p1 − �p2) shows a feature of the state |α〉, and
the width of �p1 − �p2 is determined using the momentum width Δp. This correlation
function will be used later.

We investigate the problems connected with the particle’s coherence in this se-
ries of papers. In a previous paper,5) we showed the general features of wave packet
scatterings such as the evolution of wave packets and slight violations of energy and
momentum conservations in many-body reactions. The consistency of the nonorthog-
onality of wave packets with the fundamental requirement of quantum mechanics in
many-body scatterings was also shown.

In the present paper, we study the formations of wave packets that have finite
uncertainties of position and momentum and the transmutations of these uncertain-
ties in various reactions. We present the coherence length of wave packets and other
universal properties in the potential scatterings and other many-body reactions.

This paper is organized as follows. In §2, several mechanisms of forming wave
packets are studied. In §3, we study the potential scatterings of wave packets, and
in §4, we present the transformations of wave packets. In §5 the particle’s coherence
in refraction and reflection is studied, and many-body processes are studied in §6.
A summary is given in §7.

§2. Wave packet formations

In this section, we study one-particle states in various situations and show that
the wave packets are good wave functions for particles in medium and for particles
in measurements.
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On Coherence Lengths of Wave Packets 1115

First, we study a system where the particle’s mean free path is short. If a particle
interacts with atoms or other particles frequently, the distance in which a particle
moves freely, the mean free path, becomes short. A particle is described using one
wave function during a mean free time, which is a period for a particle to move freely,
and is given by dividing the mean free path by its velocity. This wave function that
has a finite coherence length is described using a wave packet.

Second, we study one particle surrounded by many particles where the particle’s
mean free path is long. In this system, particles have long mean free paths, and the
direct effects of the mean free path are negligible. However, the many-particle state is
described using one wave function. If a one-particle state in a many-particle system
is regarded as a linear combination of momentum states, this particle is expressed
using a wave packet. This wave packet has a different origin from that of the first
case and plays important roles in dilute medium.

Third, we study a one-particle state in a system where a particle measurement
is made. If a particle is measured with uncertainties of position and momentum, this
particle state is described using a wave packet of these uncertainties. The formation
of wave packets in the process of particle measurement is a delicate problem that is
connected with the fundamental problem of measurement of quantum mechanics. In
fact, a particle is identified using a classical trajectory in a detector, and its position
and momentum are measured with finite uncertainties regardless of the dynamics
of measurement. Thus, the state that has these uncertainties of momentum and
position is described using a wave packet.

2.1. Short mean free path: finite spatial extensions

Particles in matter frequently interact with atoms and lose coherence. The
average distance for one particle to move freely is the mean free path in which
the particle’s wave maintains coherence. Beyond the mean free path, particles lose
coherence and are expressed using different wave functions. Hence, this state has
a finite spatial width and its momentum is defined with a finite uncertainty. This
momentum uncertainty is inversely proportional to the mean free path and becomes
large if the mean free path is short. Thus, a mean free path is used as a wave packet
size.

2.1.1. Mean free path
The mean free path of a particle when it propagates in matter and is scattered

incoherently by scatterers is determined using the cross section and number density
of scatterers. From the scattering cross section of a particle, σ, and number density
of the scatterers, ρ, the mean free path l is determined as

l =
1
σρ
. (18)

The mean free paths of various particles in matter are computed easily.
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1116 K. Ishikawa and Y. Tobita

2.1.2. Comparison of energy widths
Because the particle state is defined using one wave function within the mean

free path, l, this state has a finite uncertainty of the momentum, δp,

δp =
�

l
. (19)

This finite uncertainty of the momentum leads to a finite uncertainty of the energy
for the nonrelativistic particle of mass m,

δE =
δp2

2m
= vδp = v

�

l
. (20)

Thus, the particle that has a mean free path l has the energy width v ~

l .
The uncertainty of the energy of a wave packet is found from the momentum

width Eq. (6),

δE =
δp2

2m
= vδp = v

�√
2γ
. (21)

Comparing two energy widths, Eqs. (20) and (21), we have the wave packet para-
meter γ,

γ =
l√
2
. (22)

Thus, the wave packet size γ is determined using the mean free path l.
When this particle moves with a velocity v, the time spent by this particle

crossing one position is given using the mean free path over the particle’s velocity,

τ =
l

v
. (23)

This state has an uncertainty of time τ and an uncertainty of energy δE. δE is given
by

δE =
�

τ
=

�

l
v. (24)

The energy width of Eq. (24) agrees with those of Eqs. (20) and (21).
Thus, in matter, a particle wave has a finite spatial size. Consequently, a wave

behaves as a wave packet of this spatial size. The momentum width is determined
from the inverse of the spatial width, and the wave is approximately given using the
minimum wave packet.

2.2. Long mean free path: finite momentum spreads

When there is a degeneracy in one particle energy, a superposition of the states
with the same energy is also an eigenstate. Which eigenstate is realized depends on
the production process. In this section, we study wave packets that have origins in
momentum spreading of the produced particles and are connected with the energy
degeneracy.
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On Coherence Lengths of Wave Packets 1117

2.2.1. Many-particle states: transmutation of momentum spreads
In a system of many particles with long mean free path, one particle interacts

with other surrounding particles many times while maintaining quantum coherence.
If these surrounding particles have momentum uncertainties, they are transmuted to
one particle. This particle is described using a wave packet that has an origin in the
momentum uncertainty.

One example of a wave that is extended in the momentum is a spherical wave
around a short-range potential. A spherical wave is a superposition of plane waves
and is decomposed into plane waves of continuous momentum. Hence, the spherical
wave is extended in the momentum. In a normal scattering, a particle is measured
at a certain scattering angle. The probability of observing this particle at a certain
angle is proportional to the square of the absolute value of the amplitude. It is not
easy to verify directly the fact that the wave function is extended in momentum
variables. In our objective of studying interference phenomena in systems of large
scales, this type of momentum extension is important as a new mechanism of the
wave packet.

We study the coherence length of a particle surrounded by many particles and
whole states are described using one wave function based on the correlation in the
momentum variables C(�p1, �p2). In this situation, one particle obtains a large uncer-
tainty from many particles. Even though the momentum uncertainty of each particle
is small, the effects of momentum uncertainties of these many particles are added
constructively and affect this particle with a significant magnitude. Consequently,
this particle is given a finite momentum uncertainty by these many particles and
behaves as a wave packet.

This new mechanism is applied, for instance, when many particles are involved
in the microscopic processes and they maintain coherence for a long time. This
may be realized actually in the universe. Particularly around the decoupling time
of cosmological background radiations in an early universe, where particle states are
described using one wave function for a long time, a wave packet due to momentum
uncertainty of this section is expected to play roles.

During the time evolution of one particle wave function, this particle interacts
with surrounding particles. The effects of surrounding particles are studied next.
We study the system of many electrons and many photons in which they interact
by Thomson scattering. The Thomson scattering cross section is given in Appendix
A. Photons and electrons interact also with protons. The number of protons is
the same as the number of electrons from charge neutrality. These protons have
finite uncertainties, i.e., finite spreads of the momenta due to Rutherford scatterings
between charges

Δp =
�

lRu
, lRu =

1
σRunc

, (25)

where nc is the density of charged particles and σRu is Rutherford scattering cross
section, which is given in Appendix A.

Even if these momentum spreads are small, a system of many protons could give
a large uncertainty to an electron owing to the constructive effects. In this case, the
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1118 K. Ishikawa and Y. Tobita

Fig. 1. Feynman diagram in which an electron interacts with surrounding protons.

whole uncertainty of the momentum becomes large, and this system of the electron
and protons violates the translational invariance maximally.

A mean free path of the electron due to Thomson scattering is given by

lTh =
1

σThnγ
, (26)

where nγ is photon density. A mean free path of the electron due to Rutherford
scattering is given by

lRu =
1

σRunpr
, (27)

where npr is a proton density. Their magnitudes are given in Appendix A. The ratio
between two lengths

NT =
lTh

lRu
(28)

is the number of average collisions due to Rutherford scattering per Thomson scat-
tering. During a Thomson scattering time, Rutherford scatterings occur NT times.
The lTh, lRu, and NT are given in Appendix A.

For the coherence of photon and electron, surrounding protons are taken into
account, and the Feynman diagram of these processes has many lines of particles,
as in Fig. 1. The average number of Rutherford scatterings in the distance l, N , is
given by

N =
l

lTh
. (29)
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On Coherence Lengths of Wave Packets 1119

Fig. 2. Final Thomson scattering in which one photon and one electron interact and the photon in

the final state is detected. The black box shows many-particle states.

Thus, the electron’s spread obtains contributions from the proton’s momentum
spread N times in the distance l. A photon obtains contributions from the elec-
tron’s momentum spread. As shown in Appendix B, the momentum spreads of the
electron and photon, after the N step of interactions, are given by

(Δptotal)2 =
N∑
i

(Δpi)2, (30)

and its magnitude becomes large for large N . Particularly if (Δpi)2 = (Δp)2 is finite,
(Δptotal)2 is given by

(Δptotal)2 = N(Δp)2 (31)

and reaches the absolute value of the momentum, |p|, at a sufficiently large N . This
is realized at a macroscopic distance l. Thus, the total spread becomes

Δptotal → ∞, (32)

and the wave has a large momentum spread and the momentum conservation be-
comes effectively negligible.

Next, we focus the final Thomson scattering of one photon and one electron
shown in Fig. 2. The incoming states of the final scattering are almost real photon
and electron and have large momentum spreads. These photon and electron are
described by superpositions of momentum states of large momentum uncertainties
with a suitable energy weight.

2.2.2. Statistical model
The weight of the superposition of the initial states at the final scattering is

determined using its previous scatterings and identical particle effects. From the
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1120 K. Ishikawa and Y. Tobita

facts that the waves have large momentum spreads after the macroscopic distance
and that the amplitude of the Thomson scattering in low energy of the range 3000
– 4000 K is constant and spherically symmetric, waves of the photon and electron
in the initial state of the final scattering are regarded as spherical waves that are
superpositions of plane waves of all orientations.

In the many-particle state, identical particles satisfy either Fermi-Dirac statistics
or Bose-Einstein statistics, and the total energy conservation law

N∑
i

niEi = E, (33)

is satisfied. An average occupation number of the state �p, i.e., one particle distribu-
tion, is given by Bose-Einstein distribution

nP(�p) = NBE(�p) =
1

e
p0

kBT − 1
(34)

for photon and by Fermi-Dirac distribution

ne(�p) = NFD(�p) =
1

e
p0−μ
kBT + 1

(35)

for electron, where μ is the chemical potential, kB is Boltzmann constant, and T is
the temperature that is determined from the average energy. A many-body wave
function that satisfies these conditions mentioned above is the coherent state of the
Boson field and the state of the Fermi field constructed in the same manner. An
explicit form is given in Appendix C.

Thus, we assume that the amplitude for one photon and one electron is given by

T (1) = NBE(p2)1/2NFD(k2)1/2T̃ (1), (36)

where T̃ (1) does not depend on �p2 and �k2. The whole amplitude is written as

T (�k1, �p1) =
∫
d�k2d�p2T (�p1, �k1; �p2, �k2)NF(p2)1/2NB(k2)1/2δ(�p2 + �k2 − �p1 − �k1)

×T̃ (1), (37)

where T (�p1, �k1; �p2, �k2) is the amplitude of Thomson scattering and is constant in low
energy.

The momentum correlation function C(�p1, �p2) is a product of the amplitude of
the photon momentum �p1 and its complex conjugate of the photon momentum �p2

and is given by

C(�k1, �k
′
1) =

∫
d�k2d�p2T (�p1, �k1; �p2, �k2)NF(p2)1/2NB(k2)1/2δ(�p2 + �k2 − �p1 − �k1)∫

d�k′2d�p
′
2T (�p ′

1,
�k1; �p ′

2,
�k ′

2)NF(p′2)
1/2NB(k′2)

1/2δ(�p ′
2 + �k′2 − �p1 − �k′1)|T̃ |2. (38)
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On Coherence Lengths of Wave Packets 1121

Fig. 3. The photon correlation function of a statistical model shown by crosses is compared with

a Gaussian function shown by boxes. The width of the Gaussian function is about 3.5kBT and

T = 3500 K.

This correlation C(�k1, �k
′
1) shows the wave packet nature of photons.

We compute the above function C(�k1, �k
′
1) numerically. The result is given in

Fig. 3.
As seen from Fig. 3, the correlation shows that of a Gaussian wave packet of the

width of 3.5kBT . The photon is regarded as a wave packet whose energy distribution
is a Planck distribution but the momentum width is 3.5kBT . This wave packet size
should be understood as a maximal possible value. The effect of the wave packet is
shown in Ref. 13).

2.3. Measurements of particle’s trajectory

When a particle is measured using an apparatus, its position and momentum
are measured within certain uncertainties. Many physical processes are involved in
measurements, but regardless of these processes when the position and momentum
are determined within uncertainties, the final state after the measurement is ex-
pressed as the state with these uncertainties. Thus, a wave packet of suitable values
of momentum width and coordinate width is used for this state. The probability for
the particle to be observed within these widths of wave packet is unity, and it follows
a classical motion before the next measurement.

The product of uncertainties of the momentum Δ�p and position Δ�x may be
much larger than that of the minimum wave packet,

|Δ�x||Δ�p | � �

2
, (39)

so nonminimum wave packets (Eq. (9)) are suitable for these states.
By successive measurements, a particle’s trajectory that follows classical motion

is observed.15) This happens because the wave packet has a finite spatial size, and
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1122 K. Ishikawa and Y. Tobita

the probability for this particle to be observed in the inside of this region is unity.
Actually, as discussed in a previous paper,5) the wave packet spreads with time. The
spreading velocity depends on the mass and energy. For the particle trajectory to be
observed, a next successive reaction with an apparatus should occur before the wave
becomes large. Unless an observation is made, the wave spreads ultimately and a
straight trajectory is not tested.

Because light microscopic particles spread fast, they become momentum eigen-
states easily. Hence, translational invariance is preserved for these particles. On the
other hand, for macroscopic objects or extremely heavy particles, the spreading ve-
locities are negligible and they are localized at certain positions of the initial states.
Translational invariance is violated for these objects.

§3. Potential scatterings

In this section, we study the scatterings of the wave packets using simple rectan-
gular potentials. We see that the sizes of extensions in the positions and momenta
have strong correlations with the velocities of the wave packets and the products
of both sizes are approximately adiabatic invariants. Minimum wave packets are
changed to nonminimum wave packets in certain reactions.

3.1. Potential wall in one dimension

We study the wave packets first in a simple potential, i.e., in a constant potential
wall of a height or depth V0 described by

U(x) =

{
V0, x ≤ 0,
0, 0 < x.

(40)

We obtain a solution of Schrödinger equation,

i�
∂

∂t
ψ(x, t) = Hψ(x, t), (41)

H =
p2

2m
+ U(x), (42)

of the following form,

ψ(x, t) = e
Et
i~ ψ(x), (43)

ψ(x) =

{
eikx +B−e−ikx, x < 0,
C+e

ik′x, 0 < x,
(44)

where at x < 0, a right-moving plane wave comes in toward the wall and a left-
moving wave of magnitude B− is reflected, and at x > 0, a right-moving wave of
magnitude C+ is refracted. The parameters k and k′ are connected with the energy
as

E =
p2

2m
+ V0 =

p′2

2m
, (45)

p = �k, p′ = �k′. (46)
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On Coherence Lengths of Wave Packets 1123

The coefficients are found from the continuities of the wave function at x = 0 as16)

B− =
k − k′

k + k′
, (47)

C+ =
2k

k + k′
. (48)

The time-dependent wave packet is constructed using a linear combination of the
above waves,

ψwp = ψ1
wp + ψ2

wp + ψ3
wp, (49)

ψ1
wp =

∫
dkÑ(k)eik(x−X0)e

Et
i~ , x < 0, (50)

ψ2
wp =

∫
dkÑ(k)

(
k − k′

k + k′

)
e−ik(x−X0)e

Et
i~ , x < 0, (51)

ψ3
wp =

∫
dkÑ(k)

(
2k

k + k′

)
eik′(x−X0)e

Et
i~ , 0 < x, (52)

where

Ñ(k) = N1e
− (k−k0)2

2σ , (53)

N1 =
1√
2σπ

. (54)

The wave packet ψ1
wp is a minimum wave packet, but the wave packets ψ2

wp and
ψ3

wp are not minimum wave packets owing to the momentum-dependent factors in
the amplitudes, k−k′

k+k′ ,
2k

k+k′ .

δx1 × δp1 =
�

2
, (55)

δx2 × δp2 = (1.2 ∼ 1.4) × �

2
, (56)

δx3 × δp3 = (1.0 ∼ 3.0) × �

2
. (57)

The initial wave packet is chosen to be minimum and satisfies the minimum un-
certainty relation, and the reflected wave and accelerated wave have uncertainty
relations of about twice the minimum. In particular, the value of δxδp for the ac-
celerated wave depends on the potential depth, as given in Fig. 4. The product of
uncertainties becomes 1

2� at V0 → ∞ and 3
2� at V0 → 0. This is because the wave

function behaves in these regions as

ψ3
wp ∝

⎧⎨
⎩k × e−

k2

2σ , V0 � E0,

const × e−
k2

2σ , V0 � E0,
(58)

just like a wave function for a ground state and a first excited state of a harmonic
oscillator in Eq. (10). The product of uncertainties of the accelerated wave is changed
smoothly as seen in Fig. 4.
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1124 K. Ishikawa and Y. Tobita

Fig. 4. The numerical value of δx × δp as a function of the potential depth, V0, for accelerated

wave packet is given. The horizontal axis shows the potential depth and the vertical axis shows

δx × δp. “delta” is for a numerical result, E0 is average energy and M is mass.

3.2. Potential barrier

We study wave packets next in a simple potential, i.e., in a constant potential
barrier of finite width a and height or depth V0 described as

U(x) =

⎧⎪⎨
⎪⎩

0, x ≤ 0,
−V0, 0 ≤ x ≤ a,

0, a ≤ x.

(59)

We obtain a wave function of the following form:

ψ(x) =

⎧⎪⎨
⎪⎩
ei 1

~

√
2mEx +B−e−i 1

~

√
2mEx, x < 0,

= A+e
i
~

√
2m(E+V0)x +A−e−

i
~

√
2m(E+V0)x, 0 < x < a,

= C+e
i 1

~

√
2mEx, a < x,

(60)

where at x < 0, a right-moving plane wave comes in and a reflected left-moving wave
of magnitude B− is reflected, and at x > a, a right-moving wave of magnitude C+ is
refracted. Coefficients Ai show the magnitude in the inside of potential, 0 < x < a.
These coefficients are found as16)

A+ = 2
1 +

√
1 + V0/E

(1 +
√

1 + V0/E)2 − (1 − √
1 + V0/E)2e2

i
~

√
2m(E+V0)a

, (61)

A− = 2
(−1 +

√
1 + V0/E)e2

i
~

√
2m(E+V0)a

(1 +
√

1 + V0/E)2 − (1 − √
1 + V0/E)2e2

i
~

√
2m(E+V0)a

, (62)
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On Coherence Lengths of Wave Packets 1125

and coefficients B−, C+ are found as

B− = 1 − 2

√
1 + V0/E + 1 + V0/E + (

√
1 + V0/E − 1 − V0/E)e2

i
~

√
2m(E+V0)a

(1 +
√

1 + V0/E)2 − (1 − √
1 + V0/E)2e2

i
~

√
2m(E+V0)a

,

(63)

C+ = 2
(1 +

√
1 + V0/E) + (−1 +

√
1 + V0/E)e

i
~

√
2m(E+V0)a

(1 +
√

1 + V0/E)2 − (1 − √
1 + V0/E)2e2

i
~

√
2m(E+V0)a

×e i
~
(
√

2m(E+V0)a−√
2mEa). (64)

Wave packets at x > 0 and x < 0 are computed as

ψ1
wp =

∫
dk N(k)ei(kx−Et

~
), x� 0, (65)

ψ2
wp =

∫
dk N(k)B−(k)e−i(kx+ Et

~
), x� 0, (66)

ψ3
wp =

∫
dk N(k)C+(k)ei(kx−Et

~
), x� 0, (67)

where N(k) is given in Eq. (54).
Wave packets ψi

wp(i = 1−3) are computed numerically. In the negative x region,
the minimum wave packet comes in, and refracted and reflected wave packets are
generated. The variances of ψ1

wp, ψ
2
wp, and ψ3

wp are computed numerically and are
given by

δx1 × δp1 =
�

2
, (68)

δx2 × δp2 = (1.0 ∼ 1.6) × �

2
, (69)

δx3 × δp3  �

2
. (70)

The numerical result for ψ3
wp is shown in Fig. 5, where we set δx1 = 8.0× 10−10[m],

and the width of the potential is taken from 0 to 1.5 × δx1 and the potential depth
is of the order of the average energy of the wave packet. In this region, δx3 × δp3

is approximately adiabatic invariant and the minimum wave packet remains nearly
minimum after potential scattering. On the other hand, δx2 × δp2 becomes large.
The large change of δx2 × δp2 from δx1 × δp1 is generated, because there are two
boundaries of the potential barrier/well.

3.3. Potential scatterings in three dimensions

The Schrödinger equation with a one-dimensional potential U(z)[
− �

2

2m
�∇2 + U(z)

]
ψ(�x) = Eψ(�x) (71)

has solutions of the form,

ψ(�x) = ei�pT ·�xT u(z). (72)
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1126 K. Ishikawa and Y. Tobita

Fig. 5. δx3 × δp3 is given as a function of the potential width. The horizontal axis shows the

potential width and the vertical axis shows δx × δp. 1 is for V0 = E0, 2 is for V0 = 3
2
E0, and 3

is for V0 = 1
2
E0, where E0 is the average energy of the wave packet.

The first part on the right-hand side is the plane wave in the transverse direction
�pT = (px, py), �xT = (x, y) and the second part is the function of z.

The wave packet is formed from the above wave function as

ψwp =
∫
d�kTN(�k − k0T )ei�pT ·�xT

∫
dkzN(kz − k0

z)u(z), (73)

where the wave packet in the transverse direction is the wave packet of the free wave,
and the wave packet in the z direction is the wave packet of the scattering wave in
the one-dimensional potentials studied in the previous section.

The wave packet is modified by potentials in the direction of the one-dimensional
potential and is not modified in the transverse directions. The time-dependent wave
packet is given by

ψ(�x, t) =
∫
d�kTN(�k − k0T )dkzN(k − k0

z)e
i�pT ·�xT u(z)e−iE(�pT ,pz)t. (74)

Obviously, at small t, the momentum width in the transverse direction is not mod-
ified, but the momentum width in the longitudinal direction is modified by the
potential. The change in the width in the longitudinal direction is similar to that of
one dimension.

§4. Transformations of wave packets

In this section, we study the transformations of wave packets and find changes
in wave packets under various transformations based on semiclassical treatments.
We assume that the transition of wave packets is smooth and continuous in mo-
mentum, and naive treatment of the wave packet’s parameters is possible. In these
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On Coherence Lengths of Wave Packets 1127

calculations, singular behaviors of the scattering amplitudes such as resonances are
excluded.

4.1. Lorentz transformation

By a Lorentz transformation, a momentum pν is transformed to p′ν using a
matrix

pμ
′ = Λμνpν . (75)

The momentum in the direction of the boost is transformed together with the energy,
but the momentum in the transverse direction is unchanged. The variances of the
momentum components are transformed in the same manner.

The amplitude for the plane wave is known to be covariant under the Lorentz
transformation, but the present amplitude for the wave packets has a noninvariant
part, because the wave packet size is not fully covariant.

4.2. Addition of potential energy

In a potential scattering, one particle obtains energy from a potential V0

E1 = E2 + V0, (76)

so wave packet parameters are transformed when a wave packet passes a potential.

4.2.1. Nonrelativistic case
For a nonrelativistic particle, momenta are related by

(�p1)2 + 2mV0 = (�p2)2. (77)

By decomposing the momentum vector into the longitudinal component and the
transverse component and their small deviations,

(δpl
1 + p

(0)
1 )2 + (δ�pT

1 )2 + 2mV0 = (δpl
1 + p

(0)
2 )2 + (δ�pT

1 )2, (78)

we have equalities for the central values and variances of the momenta

(p(0)
1 )2 + 2mV0 = (p(0)

2 )2, (79)

2p(0)
1 δpl

1 = 2p(0)
2 δpl

2, (80)
(δpT

1 )2 = (δpT
2 )2. (81)

Thus, the variances of momenta are connected by

δpl
1

δpl
2

=
p0
2

p0
1

. (82)

By using the time duration τ , the spatial sizes in the longitudinal direction are
proportional to the central value of the velocity,

δxl
1 = vl

1τ, v
l
1 =

p0
1

m
, (83)

δxl
2 = vl

2τ, v
l
1 =

p0
1

m
, (84)
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1128 K. Ishikawa and Y. Tobita

hence, the ratio satisfies

δxl
1

δxl
2

=
p0
1

p0
2

. (85)

From Eqs. (82) and (85), the product of momentum extensions and position
extensions becomes adiabatic invariant,

δxl
1δp

l
1

δxl
2δp

l
2

= constant. (86)

The momentum extensions and spatial sizes in the transverse direction are unchanged

δxT
1 =

�

δpT
1

=
�

δpT
2

δpT
2

δpT
1

= δxT
2 (87)

and are proportional to their energies.

4.2.2. Relativistic case
For the relativistic particle, the relation is modified to√

(δpl
1 + p

(0)
1 )2 + (δ�pT

1 )2 +m2 =
√

(δpl
2 + p

(0)
2 )2 + (δ�pT

2 )2 +m2 + V0. (88)

Thus, we have √
(p(0)

1 )2 +m2 =
√

(p(0)
2 )2 +m2 + V0, (89)

2
p
(0)
1

E1
δpl

1 = 2
p
(0)
2

E2
δpl

2, (90)

(�δp1
T
)2 = (�δp2

T
)2, (91)

hence, the spatial sizes of extensions in the longitudinal direction are given by

δxl
1 =

�

δpl
1

=
�

δpl
2

δpl
2

δpl
1

=
pl
1

E1

pl
2

E2

δxl
2. (92)

The momentum extensions and spatial sizes in the transverse direction are unchanged

δxT
1 =

�

δpT
1

=
�

δpT
2

δpT
2

δpT
1

= δxT
2 . (93)

In the low-energy region, the energy E1 and E2 are mc2 and the relation of the
spatial extensions coincides with that of the nonrelativistic case, Eq. (87). If both
momenta are relativistic, the velocities are almost c,

p1

E1
=
p2

E2
= c (94)

and both sizes are almost the same,

δx1 = δx2. (95)
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On Coherence Lengths of Wave Packets 1129

The massless particle has a light velocity and does not spread in the direction of
motion, and the massive particle has the same property, that is, the coherence length
is not transformed in the relativistic regime. On the other hand, the massive particle
expands when its energy is enlarged by the potential energy from the nonrelativistic
region to the relativistic region and has a size at light velocity,

δxc =
c

v
δxv (96)

if it has δxv at velocity v.

4.3. Scale transformation

In scale transformation, a momentum is multiplied by a constant factor λ,

pμ2 = λpμ1, (97)

which is consistent with the energy and momentum relation of the massless particle.
Thus, this transformation is applied only to the massless particle.

The variance is transformed then by

δpμ2 = λδpμ1, (98)

hence, the spatial sizes of extensions are given by

δxμ2 =
1
λ
δxμ1. (99)

For λ << 1, we have

δx2 >> δx1. (100)

§5. Refraction and reflection

We study situations where a half space is occupied by one medium and another
half is occupied by another medium. A wave packet in one half is reflected at the
other half and refracted at the boundary. Wave packets of these situations are studied
here.

In the situation where one half is the vacuum and another half is filled with
medium, the wave in the medium has a mean free path. Thus, the wave that is
produced in the medium first and emitted into the vacuum later is described using a
wave of finite coherence length. Although the wave in the vacuum is described using
the free Hamiltonian, this wave is the wave packet of having a finite mean free time
and a finite energy width. Thus, the sizes of wave packets in vacuum are determined
using the mean free path in the medium if the wave is produced in the medium and
emitted into the vacuum.

5.1. Electrons from metal to vacuum

Electrons in the metal follow energy dispersions that are characteristic of the
band structure and have a lower energy than that in the vacuum because of the
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1130 K. Ishikawa and Y. Tobita

value of the work function. The energy dispersion is approximately expressed by a
quadratic form of an effective mass meff that is different from the mass in the vacuum
m0. For a spherically symmetric band, we have the relation of energies between the
momentum in metal �p1 and the momentum in vacuum �p2,

E0 +
�p1

2

2meff
=

�p2
2

2m0
, (101)

where E0 is the work function in the metal.
By decomposing the momenta into the components and the central values p0

i and
deviations in the longitudinal direction, δpl, and those in the transverse directions,
�δpi, we have

E0 +
p0
1
2

2meff
=

p0
2
2

2m0
, (102)

2p0
1δp

l
1

2meff
=
p0
2δp

l
2

2m0
, (103)

δ�p1
2

2meff
=
δ�p2

2

2m0
. (104)

Electrons propagate in the form of wave packets of the above parameters.

5.2. Lights from medium to vacuum

5.2.1. Without absorption
In an insulator medium, the dielectric constant is different from that in a vacuum

and is real if there is no absorption. In this situation, a momentum in the medium
�p1 and a momentum in the vacuum �p2 are connected by

cmp1 = cp2, (105)

cm = c

√
μ0ε0
με

, (106)

where μ and μ0 are the permeabilities of the medium and vacuum and ε and ε0 are
the dielectric constants of the medium and vacuum, respectively. cm is the light
velocity in the medium and c is the light velocity in the vacuum.

5.2.2. Finite absorption
In a system of absorption, the photon energy has an imaginary part

Γ = μ
1
ρ
, (107)

where ρ is resistivity. The relation of the momenta at the boundary is given by

cmp1 = cp2, (108)

cm = c

√
μ0ε0
με

, (109)
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On Coherence Lengths of Wave Packets 1131

but owing to the imaginary part of the energy, the wave lives for a finite time τ

τ = ερ (110)

in the medium. Thus, the light that is emitted from the medium into the vacuum
has an uncertainty of energy ΔE,

ΔE =
�

τ
. (111)

Lights propagate in the form of wave packets of the above parameters.

§6. Many-body processes

The coherence length of a particle in final states of many-body processes is
determined on the basis of the uncertainties of the energy and momentum of the
initial states. The momentum correlation (Eq. (13)) of a one-particle state is used
for obtaining the coherence length.

6.1. Two-body decay

In a two-body decay, A → B + C, the energy and magnitude of momentum of
B and C are fixed in the rest system of A. The correlation function (Eq. (13)) is
defined as

C(�p1, �p2) =
∑
�pC

〈�p1, �pC |T |A〉(〈�p2, �pC |T |A〉)∗, (112)

where the above amplitude is proportional to the amplitude T̃ and the delta function
of energy momentum conservation,

〈�p1, �pC |T |A〉 = δ4(pA − p1 − pC)T̃ (113)

when the state A is the eigenstate of the energy and momentum. Thus, if the state
A is the eigenstate of the energy and momentum, the above correlation function
becomes proportional to

C(�p1, �p2) = T̃ T̃ ∗δ4(p1 − p2). (114)

On the other hand, when the state A is a wave packet of the function F (�pA), the
correlation function is given by

C(�p1, �p2) =
∑
�pC

∫
d�pAd�pA′〈�p1, �pC |T |�pA〉(〈�p2, �pC |T |�p′A〉)∗F (�pA)F ∗(�pA′)

=
∫
d�pAd�pA′δ(�p1 − �p2 − �pA + �pA′)F (�pA)F ∗(�pA′)T̃ T̃ ∗

×δ(p0
A − p0

1 − p0
C)δ(p0

A − p0
1 − p0

C)

=
∫
d�pAF (�pA)F ∗(�pA − �p2 + �p1)T̃ T̃ ∗

×δ(p0
A − p0

1 − p0
C)δ(p0

A − p0
1 − p0

C). (115)

Thus, the momentum correlation C(�p1, �p2) is determined using the momentum dis-
tribution function F (�pA) of the initial state.
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1132 K. Ishikawa and Y. Tobita

6.2. Three-body decay

In a three-body decay, A→ B+C+D, the energy and magnitude of momentum
of B,C and D vary even in the rest system of A. If particle B is measured and the
other states are not measured but summed, the result of the correlation function for
B is the same as that of two-body decay. The correlation function is given by

C(�p1, �p2) =
∑

�pC ,�pD

〈�p1, �pC , �pD|T |�pA〉(〈�p2, �pC , �pD|T |�pA〉)∗, (116)

and is proportional to the delta function if the state A is the eigenstate of the energy
and momentum,

C(�p1, �p2) = δ4(p1 − p2)T̃ T̃ ∗. (117)

On the other hand, when the state A is a wave packet of the function F (�pA), the
correlation function is given by

C(�p1, �p2) =
∑

�pC ,�pD

∫
d�pAd�pA′〈�p1, �pC , �pD|T |�pA〉(〈�p2, �pC , �pD|T |�pA′〉)∗F (�pA)F ∗(�pA′)

=
∫
d�pAd�pA′δ(�p1 − �p2 − �pA + �pA′)F (�pA)F ∗(�pA′)T̃ T̃ ∗

=
∫
d�pAF (�pA)F ∗(�pA + �p2 − �p1)T̃ T̃ ∗. (118)

Thus, the momentum correlation C(�p1, �p2) is determined by the momentum distrib-
ution function F (�pA) of the initial state A.

6.3. Two-body collision

The coherence lengths of collision products are treated in the same manner
as the decay products of the previous section and are determined on the basis of
the uncertainties of the energy and momentum of the initial states. We study the
momentum correlations (Eq. (13)) of one particle also in the collision products. In
a two-body collision, A+ B → C +D, we study the correlation function (Eq. (13))
defined as

C(�p1, �p2) =
∑
�pC

〈�p1, �pC |T |A,B〉(〈�p2, �pC |T |A,B〉)∗, (119)

where the above amplitude is proportional to the amplitude T̃ and the delta function
of energy momentum conservation,

〈�p1, �pC |T |A,B〉 = δ4(pinitial − p1 − pC)T̃ , (120)
pinitial=pA+pB

when states A and B are the eigenstates of the energy and momentum. Thus, if
the states A and B are the eigenstates of the energy and momentum, the above
correlation function becomes proportional to

C(�p1, �p2) = T̃ T̃ ∗δ4(p1 − p2). (121)
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On Coherence Lengths of Wave Packets 1133

On the other hand, when states A and B are wave packets of finite spreads, the
wave functions overlap within a finite space-time region,

Δtoverlap �= ∞, Δ�x �= ∞ (122)

and the energy-momentum conservation is slightly violated,

ΔE = Ei − Ef �= 0, Δ�p = �pi − �pf �= 0. (123)

The correlation function is expressed using the wave functions F (�pA) and F (�pB) as

C(�p1, �p2) =
∑
�pC

∫
d�pAd�pA′

∫
d�pBd�pB′〈�p1, �pC |T |�pA, �pB〉(〈�p2, �pC |T |�pA′ , �pB′〉)∗

×F (�pA)F ∗(�pA′)F (�pB)F ∗(�pB′)

=
∫
d�pAd�pA′d�pBd�pB′δ(�p1 − �p2 − �pA + �pA′ − �pB + �pB′)

×F (�pA)F ∗(�pA′)F (�pB)F ∗(�pB′)T̃ T̃ ∗

=
∫
d�pAF (�pA)d�pBF (�pB)F ∗(�pA − �p2 + �p1)F ∗(�pA − �p2 + �p1)T̃ T̃ ∗. (124)

Thus, the momentum correlation C(�p1, �p2) is determined using the wave functions of
the initial state. This result is also applied to many-body scatterings. The correlation
function C(�p1, �p2) was used in §2.2.

§7. Summary

In this paper, we showed that one-particle states are described using wave pack-
ets of finite coherence lengths, i.e., finite wave packet sizes in various situations. The
wave packet size is determined either from a one-particle effect or from a many-
particle effect. In the former, a finite mean free path is the origin of the wave packet.
The finite mean free path makes one particle have a finite spatial extension and a
finite momentum uncertainty. The state of a finite mean free path is a nonstationary
state and is varied with time. The state is extended also in energy, and the energy
width is determined either from the mean free path or from the mean free time. Two
values are consistent with each other. In the latter, a one-particle state is generated
as a superposition of plane waves owing to many particle effects and has a correla-
tion with a wave packet. The situation is similar to the fact that a spherical wave
is produced by a short range potential. The spherical wave is a superposition of
plane waves of different orientations. Usually, a particle is detected using a detector
of finite size, and the number of events is determined separately at different angles,
so it is difficult to observe directly the coherence of different angles. To test the
coherence of different angles directly, a particular detector that responds in a wide
orientation may be necessary.

We verified in the latter sections that once particles of finite coherence are pro-
duced, the finite coherence propagates and transmits to other particles due to scat-
terings and many-body effects.
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In the next paper, we study various applications of wave packets in interference
phenomena in large-scale physics.
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Appendix A
Cross Sections around the Decoupling Time

Around the decoupling time of the early universe, the densities of photon, elec-
tron, and proton are given by

np = ne = 4 × 1017 [m−3], (A.1)
nγ = 109 × np. (A.2)

Scattering cross sections of Thomson scattering and Rutherford scattering are given
by

σRu = 4π
( e2

4πε0mv2

)2
logΛ = 4.4 × 10−17[m2] × logΛ, (A.3)

Λ =
γ�v4πε0

e2
, mv2 = kT,

σTh =
8πr2e

3
= 0.6 × 10−28 [m2], (A.4)

re =
e2

4πε0mec2
,

where the cutoff parameter logΛ = 10 and the temperature T = 3000 K are used.
Hence, the mean free paths are given by

lRu = 5.7 × 10−3 [m], (A.5)
lTh = 5 [m], (A.6)

and we have

NT =
lTh

lRu
= 103. (A.7)
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Appendix B
Total Momentum Uncertainty of N Particles

When a particle is surrounded by N particles and interacts with them coherently,
one particle in the final state obtains a total momentum uncertainty from N particles.
The total amplitude of this processes is written as

f =
∫ ∏

i

d�piF (�pi)〈�q1, · · · , �qM , |T |�p1, · · · �pN 〉. (B.1)

We study the case where all the particle states of the initial state are described using
the same wave packet for simplicity. In other cases, the following conclusion is the
same.

The product of N Gaussian functions

F (�p1)F (�p2) · · ·F (�pN ), (B.2)

F (�p1) = Ne−σ(�p1−�p0
1)2 (B.3)

is decomposed into the function of the total momentum �pT and relative momenta �pr

as

FT (�pT − �pT
0)

∏
r

Fr(�pr − �pr
0). (B.4)

In the above function, FT (�pT − �pT
0) is given by

FT (�pT − �pT
0) = Ñe−

σ
N

(�pT −�pT
0)2 , (B.5)

�pT =
∑

i

�pi, �pT
0 =

∑
i

�pi
0, (B.6)

where Ñ is a normalization constant. Thus, the spread of the total momentum in-
creases with N and becomes

√
N times the spread of one particle. These N particles

give the momentum uncertainty
√
NΔp to the particle.

Appendix C
A Wave Function of Statistical Model

The many-body wave function that has a minimum uncertainty of field operators
φ(�x) and π(�x) for a Boson

δφ2
gδπ

2
g ≥ �

2

4

∫
d�pg2(�p), (C.1)

δφ2
g = 〈φ2

g〉 − 〈φg〉2, δπ2
g = 〈π2

g〉 − 〈πg〉2,
φg =

∫
d�pφ(�p)g(�p), (C.2)

πg =
∫
d�pπ(�p)g(�p), (C.3)
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is a coherent state

|ψ〉 = Ne
R

d�pg(�p)a†(�p)|0〉, (C.4)

N2 = e−
R

d�p|g(�p)|2 . (C.5)

This coherent state satisfies

〈ψ|a(�q)|ψ〉 = g(�q), (C.6)
〈ψ|a(�q)†a(�q)|ψ〉 = |g(�q)|2, (C.7)

and the number density agrees with that of our statistical model if

|g(�p)|2 = nP (�p). (C.8)

An example of the weight is

g(�p, �X) =
√
nP (�p)e−i�p· �X , (C.9)

where we choose a suitable vector �X. For Fermion b†(�p), a wave function is chosen
in the same manner, and we have

|Ψ〉 = N
∏

i

e
R

d�p(f(�p, �Xi)a†(�p)+g(�p, �Xi)b†(�p))|0〉. (C.10)
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