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The Coulomb interaction of a charged test particle with an electron plasma whose un
perturbed velocity distribution has different temperatures along and across a certain axis 
is kinetic-theoretically investigated. In the linear approximation, the binary correlation 
being neglected, the electric potential and energy loss of a charged test particle and the 
dielectric constant are derived. By introducing an angular-dependent temperature, the dis
persion relation and damping constant of plasma oscillations are written by the same form 
as in the case of an isotropic temperature plasma. 

§ I. Introduction 

Since the appearance of Landau's paper1> concerning plasma oscillations, 
many authors treated the problem of the Coulomb interaction in a plasma with 
an isotropic velocity distribution. However, the velocity distribution of plasma 
particles are actually not always isotropic, especially when an external magnetic 
field is applied. For example, the distribution of plasma particles is not the 
Maxwellian during the non-collisional heating of plasma. 

The aim of the present paper is to study the influences of anisotropy in the 
unperturbed velocity distribution on the Coulomb interaction in a plasma. For 
simplicity, we shall consider the case of 'an electron plasma without an external 
magnetic field, and such an anisotropic state may be obtained just after the non
collisional heating. The results obtained in this paper may also be helpful for 
comparison with the case of a plasma in a magnetic field, and the latter case 
will be treated in a forthcoming paper.2> 

In the next section, following the approach as· that used by Gasiorowicz 
et al.,S> we solve the linearized equation for the distribution function of plasma 
electrons where the test particle will be regarded as an external source of force, 
and derive the expression of the dynamical potential. As a special case of the 
·dynamical potential, the electrostatic one is discussed in § 3. In § 4, the gene
ralized dielectric constant of the plasma is defined, and the. dispersion relation 
and damping constant of plasma oscillations are derived. The formula of the 
energy loss of the test particle is obtained in the last section. 

*) Now at Department of Physics, Niigata University, Niigata. 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/28/1/105/1832383 by guest on 17 M

ay 2023



§ 2. Fundamental equations and dynamical potential 

It is assumed that the unperturbed distribution function of plasma electrons 
IS given by 

(2 ·1) 

where N is the electron density; v:c, Vy and v, are velocity components in the 
x, y and z directions respectively; (1 ~ and (1, are defined by 

(2·2) 

where m is the electron mass, T ~ and T, are temperatures in the xy-plane and 
along the z-axis respectively. 

At time t = 0, it is assumed that the distribution function is disturbed slightly 
from Eq. (2 ·1) by the test particle. For the distribution function at time t>O, 
let us put 

f(r, v, t) =fo(v) +J'I(r, v, t), (2·3) 

where h (r, v, t) is a small perturbation. In the integrated Liouville equation, 
we neglect the two-body correlation and assume that fa~ I hi and the relaxation 
time between two temperatures is large enough to be li7fo/l1tl<lo.fi/otl. Then 
we have the linearized equation, viewed from the system moving with the test 
particle, as follows : 

(2·4) 

where E 0 is the electric field due to the test particle (charge q0 , velocity v0) ; 

and - e, m are the charge and mass of electrons. Here <p (r, t) is the potential 
due to the polarization : 

where 

<p(r, t) = fucr, r')h(r', v', t)dr'dv', 

U (r, r') = - -c--e---c-_ 

lr-r'l 
and it satisfies Poisson's equation: 

f1 2<p(r, t) =4:reJ h(r, v, t)dv. 

(2·5) 

(2·6) 

After the Fourier and Laplace transformation, we get from Eq. (2 · 4) 

(s-ik·vo+ik·v)g(k, v, s) = -i_!!___{ 4:rqo +@(k, s)}k·P.,fo, Re(s) >O, (2·7) 
m sk2 

the initial value of the Fourier transform of h (r, v, t) being taken to be zero 
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Coulomb Interaction in a Plasma with Anisotropic Temperature 107 

according to our assumption, and from Eq. (2 · 6) we have 

k2W(k, s) = -4rre)g(k, v, s)dv, (2·8) 

where g (k, v, s) and (/) (k, s) are the Fourier and Laplace transform of h (r, v, t) 
and rp(r, t) respectively: 

{ g(k, v, s) } = f e-ikr dr \ e-•t { h(r, v, t) } dt. (2·9) 

(/) (k, s) " rp (r, t) 

The solution of Eqs. (2 ·7) and (2 · 8) is written as 

W(k, s) = _ 4rrq()_ X(k, s) , 
sk2 k2 + X (k, s) 

(2 ·10) 

where 

X(k,s)=-i4rre2 f .k·Pvfo_ dv. 
m J s-zk·v0 +zk·v 

(2 ·11) 

If we add the Fourier and Laplace transform of the self-potential, (/)" (k, s) = 
4rrq0/sk2, to W(k; s), we get the Fourier and Laplace transform of the total 
potential due to the test particle in the plasma 

(/)t (k, s) = 4rrq0 1 
s k2 + X(k, s) 

(2·12) 

Taking k in the xz-plane as shown m Fig. 1, and integrating Eq. (2 ·11) 
with Vy, we have 

"J(k )-2 2 -10 .ofj" ( .02 2 02 2) f3lkj_v:c+Pz2 kzvz d d A. ,S- W 1,7l' /"j_t-'z exp -/"j_Va:-1-'z Vz . . V:;; Vz, 
k1_ V:c + k.v. -k· V0 -zs 

(2 ·13) 

z 

k 
X 

\k: 0 . z'(k) 
y 

() 
z 

X 

Fig. 1. Fig. 2. 

where k.l and k. are components of the wave vector k along the x- and z-ax1s, 
and wp 2 =4rrNe2/m. Transforming the coordinate from the system (x, y, z) to 
(x', y, z') (see Fig. 2), and integrating with v;, we have 

(2 ·14) 
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108 K. Kitao 

where {9 . is the mverse of the root mean square velocity m the k-direction, 
defined as 

p2 (tJ) = (d j_ 2 (9.2 - __!!!______ 
(d 1_ 2 COS2 tJ + Pz2 sin20 2T(tJ) 

Here, the temperature m the direction of k, T (tJ), is given by 

T (tJ) = T 1_ sin2 tJ + T. cos2 tJ. 

(2·15) 

(2·16) 

In Eq. (2 ·14) we consider a limiting case, Re (s) = Sc-'>0. As is well known, 
if necessary, it is possible to consider the case of finite s1, and also to consider 
the case of s1<0 by the analytic continuation. 

By using a relation 

ll·m 1 =P ' 1 + ._ '( 1 k·v0 +o/) ~~~~~- -~~~~~ l'TCO Vz - , 
81~+0 1 k·v0 +is 1 k·vo+o/ k v - v. - ------'---• k k 

where Im (s) =-a/, Eq. (2·14) becomes 

X(k, s) =ka2 (tJ) [ 1-2r( voP+ (~ )exp{ -p2 ( vot-~+ (~ /} K {r( vofl+ (~)} 

where 

and 

+ iyrr r( V0/-l+ l~ )exp{ -192 ( Vof-l+ l~ r }], (2 ·17) 

k,/ (tJ) = 4rrNe2/T(tJ), 
/'.. 

p =cos (kv0), 

:c 

(2 ·18) 

(2 ·19) 

K(x)=Jexp(t2) dt. (2·20) 
0 

Here, ka (tJ) is a generalization of the Debye wave ,number to the anisotropic 
temperature electron plasma. a/ is the frequency in the system moving with 
the test particle. Thus, due to the Doppler effect, there exists a relation4l 

cu1 =lu-k·V0 

where w and _k are the frequency and wave vector in the rest system of the 
plasma and k is approximately equal to the wave vector, used before, viewed 
from the moving system. 

§ 3. Electrostatit? potential 

The Fourier and Laplace transform of the electrostatic potential due to the 
test particle is obtained from Eq. (2 ·12), by putting v0 = 0 and s--'>0, as follows : 
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Coulomb Interaction in a Plasma with Anisottopic Temperature 109 

r{J (k ) _ 4?Tq0 1 
t ' s - -s- k" + ka 2 (tJ) 

(3 ·1) 

Therefore, the electrostatic potential is symmetric about the z-axis. Introducing 
the cylindrical coordinate r= (,n, 0, z) and k= (kj_, ¢, k.), we obtain, for the in-
verse transform, 

+ k~z k~_L exp ( -lzl V (kdz/lldL) 2k}_ + k~z ) J 
V (kaz/ kaj_) 2 k}_ + k~z ' 

(3·2) 

where 

) (3·3) 
k~z = 4r.Ne2/T., 

and J 0 (kj_p) is the Bessel function of order zero. 

§ 4. Dielectric constant and dispersion equation*> 

According to their definitions,5> Fourier and Laplace transforms of the 
electric field intensity and the electric displacement are g1ven, respectively, as 
follows: 

E(k, s) = -ikrPt(k, s), 

D (k, s) = - ikr/Jv (k, s). 

Thus we get the generalized dielectric constant 

(4·1) 

(4·2) 

(4·3) 

It must be noted that . Eq. ( 4 · 3) can also be defined in the left half-plane of 
the s-plane by the analytic continuation. 

In a limiting case s1~ + 0, considering the Doppler effect as stated in § 2, 
we obtain from Eqs. (2 ·17) and ( 4 · 3) 

c(k, w) =cr(k, w) +ic2(k, w), 

(4·4) 

*l For isotropic case, the connection between the generalized dielectric constant and the 
dispersion equation was clearly explained by S. Nakajima.Bl 
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llO K. Kitao 

where c1 and c2 are the real and imaginary parts respectively. By taking s1 as 
a finite quantity, namely, considering complex w, we have the dispersion equation 

(4·5) 

where c(k, w) is also defined in the lower half-plane of the complex w-plane by 
the analytic continuation. 

Let us write the solution of ( 4 · 5) as w- ir, where w and r >o are real 
and r/oJ is assumed to be much less than unity. Then, provided that flw>k, 
we find the dispersion relation of plas~a waves, to the first order of r / w, as 
follows: 

(I) 
2 

( 3 k 2 
) 1--P_ 1+- --+··· =0 

2 (32 2 ' (V 2 . (V 

in which the following asymptotic expansion has been used 

2xe-""K(x) =1+_1__+_1___+···, (x>1). 
2x2 4x4 

Thus we obtain from Eq. (4·6) 

tva=w a+ 3T(O) k2 
p ' nz 

(4·6) 

(4·7) 

which is the generalization of the well-known dispersion relation. It is found 
from Eq. ( 4 · 7) that the frequency and phase velocity of plasma waves are 
larger in the direction of higher temperature than those in the direction of lower 
temperature. 

Also, the generalization of the Landau damping is given by 

(4·8) 

The damping constant of plasma waves depends upon the direction of pro
pagations and is larger along the direction of .higher temperature, because the 
damping arises from the interaction between thermal motions of electrons and 
plasma waves. 

§ 5. Energy loss 

The energy loss of the test particle moving through the pla~ma is derived 
by making use of Eqs. (4·1) and (2·17), where we should take a limit s~+O. 
The energy loss per unit path length is 

(5·1) 
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Coulomb Interaction in a Plasma with Anisotropic TemperatU?·e 111 

where dl is a line element along the path of the test particle and 

X (k) =lim X (k, s) = 'X1 (k) + i'X2 (k), ('Xh 'X2: real). 
S_,.+O 

Of course, Eq. (5 ·1) may be rewritten by making use of the dielectric constant. 
The integral of Eq. (5 ·1) is approximately splitted into two parts, namely, 

the contributions from the region k>kd (short-range interaction) and from the 
region k<kd (long-range interaction),*> where kd is the smaller one of kdj_ and kdz· 

(1) k<kd 
When lrvofll :S1, the contribution from this region is negligibly small com

pared with that from the short-range interaction. While, if lr9v0pl ~ 1, the test 
particle can emit the plasma waves by the Cerenkov-like effect, whose contri
bution for the energy loss is easily found as 

in which k1 may be nearly equal to kd approximately. 
formula has been used : 

(5·2) 

Here, the next asymptotic 

from which the Cerenkov relation for the plasmon. emisswn IS obtained : 

fl·= ±wp/kvo. (5·3) 

The anisotropy of electron temperature hardly has an effect upon the energy 
loss due to plasmon emissions, because the plasmon emission is possible only 
for the fast test particle and not affected actually by the thermal motion of 
plasma electrons. 

(2) k>kd 
As I'X11 and I'X2 1 in this region are usually smaller than k 2, the interaction 

IS considered to be non-resonant and we have 

_ dW ·I = 4rrq02 _1_ \ (k·v0)'X2(k) dk 
dl k>kd v 0 (27.') 3 ~ k4 

"' 2n" 

= qo2l~p2log( k2),.-3/2 \f (pvo)3p2exp{- (~vof1)2}sin f}d(}d9, 
Vo k1 ~J (5·4) 

0 0 

where k2 IS a maximum wave number allowed in our treatment and p is given by. 

f1 =sin fJ sin (} cos 9 + cos fJ cos f}, (5·5) 

where fJ=v0e., f}=~z and 9 is the angle between the planes (v0 ez) and (kez) 
as shown in Fig. 3, ez being the unit vector along the z-axis. The angular 
dependence of k1 has been neglected in Eq. (5 · 4). 

*> In reference 3), Gasiorowicz et al. missed the contributions from the long-range interaction. 
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In general, it 

z 

X 

Fig. 3. 

K. Kitao 

is impossible to perform the integration in Eq. (5 · 4) 
alytically. Let us consider some special cases. 

When T~ =T.=T, Eq. (5·4) naturally becomes 
familiar expression : 

2 2 

an-

the 

qo {~P log (k2/k1), 
Vo 

/1vo> 1, (5 · 6A) 

/1vo<I, (5 · 6B) 

where {P=m/2T. 

When v0 is parallel to the z-axts, (p. =cos H), Eq. (5 · 4) becomes 

(5·7) 

If {1v0~1, Eq. (5·7) roughly equals Eq. (5·6A). 
When v0 is perpendicular to the z-axis, (p. =sin (} cos ¢), we have 

x r ((dvo sin (}) sexp ( - (12vo 2;in2 {j ) { Io ( .:Pvo 2 ~in2 (} ) - Il ( (12vo2~in2(] ) } d(}' 

(5·8) 

where ! 0 and 11 are the modified Bessel functions. If (1v0~ 1 it is easy to show 
· that Eq. (5 · 8) nearly equals Eq. (5 · 6A). 

From the above results, we may conclude that if {1v0~ 1 the· anisotropy of 
electron temperature has not large effect on the energy loss of the test particle. 

The author ":'"ishes to express his thanks to Prof. C. Hayashi and to Prof. 
W. Watari for their continual encouragement. He is also much indebted to 
The Asahi Press for financial aid. 
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