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The role of electron·electron correlation effects in determining the energy spectrum 
near the first energy gap in alkali metals is investigated by the use of the propagator 
formalism. The correction of potential due to its screening effect is unimportant and 
negligible. The vertex correction which corresponds to the charge renormalization in field 
theory has an important role of antiscreening and makes the energy gap larger. The 
evaluation of the vertex correction is made to the first order diagrams of the effective 
Coulomb interaction. The enhancement of the energy gap at the center of the zone boundary 
due to the vertex correction amounts to an order of ten percent of the calculated energy 
gap in the OPW method in the case of lithium metal. The Fermi surface of the valence 
electron in lithium is pulled nearer to the zone boundary in the direction (110) and the 
distortion due to the vertex correction amounts to a few percent of the Fermi momentum. 
It is essential for the problem of zone·contact in lithium metal to take into account the 
'Vertex correction in the calculation of the energy band. 

§ 1. Introduction 

Recently, several authors discussed from the many-body theoretical point of 
view1),2) problems of an electron system under the influence of periodic field. 
Although correct as a general formalism, these theories give no explicit answer 
how to take into account many-electron effects on the calculation of energy 
bands. On the other hand, one-particle approach to the energy band in metals 
has been greatly improved3),4) and seems to have no ambiguity in its calculation 
as long as suitable potentials are introduced. 

In the latter approach, for example in reference 4), it is assumed that all 
correlation effects can simply be added to the result obtained by the one-par
ticle approach. We think, however, that such an assumption for correlation 
effects is doubtful. For, in addition to the additive effects such as correlation 
parts in the one-particle energy,5) there are some modifications of potential itself. 
These modifications are not additive and should be taken into account at the 
first stage of calculation if they are quantitatively important. 

The aim of this article is to show that this non-additive part of correlation 
effects is really important in determining the energy spectrum near the energy 
gap, and also in discussing the problem of zone-conta~t in alkali metals. 

From the many-body theoretical point of view, an energy band is defined 
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676 M. Tanaka 

as a set of poles of one-particle Green's function. Under the influence of perio
dic field, these poles are classified into several groups correspondingly to branches 
of energy band in a usual one-particle theory.l),2) In this article we consider the 

conduction band of monovalent metals with this definition, and quantitatively 
compare some of correlation effects among electrons essentially in the high den
sity limit. 

For convenience, we divide many-electron effects into two parts, one of which 
is exchange and correlation effects between 10'calized (core) electron system and 
itinerant (conduction) electron system, and the other is a correlation among 
the latter electrons. The first part reflects directly an electronic configuration 
and is different from metal to metal. To simplify our model we assume that 
this part can be represented by a suitable pseudopotential.6), 7), 8) Our problem 
is to make clear how electron-electron correlation modifies this pseudopotential. 

In § 2, we introduce a model Hamiltonian which reproduces the single 
OPW calculation in terms of the many-body theory, In this section we first 
consider the well-known local screening effect quantitatively. In § 3, it is 
shown that the so-called exchange scattering has a quantitatively moreimpor
tant role than the screening for the electronic state near the center of the zone 
boundary in monovalent metals. This is essentially a non-local correlation effect 
and will be called vertex correction in the present article. In § 4, considering 
these two effects, we derive a self-consistent energy gap equation in the high 
density limit and examine the relation between the initial pseudopotential and 
the final energy gap. 

The correlation effects, which we consider in these sections in the high 
density limit, are also important in real alkali metals, because the above-men
tioned vertex correction gives anisotropic distortion to the Fermi sphere com
parable to the one resulting from the initial potential. Therefore in the last 
section 5, we briefly discuss how the non-local correlation effect is important 
in the case of lithium, because it is particularly interesting to see whether the 
Fermi surface of lithium is in contact with the zone boundary or not. 9),lO) We 
shall show that the answer cannot be definite unless we take into consideration 
many-electron effects. 

§ 2. Model Hamiltonian and the screening effect 

As mentioned in § 1, we introduce the following model Hamiltonian. The 
system consists of (1) an electron gas and (2) a uniform positive charge back
ground. In addition, different from usual electron gas theory, we further assume 
that there is a small periodic perturbation in the background with one Fourier 
component, A (K). Vector K is supposed to be one of reciprocal lattice vectors 
of alkali metal crystals. 

Thus our Hamiltonian may be written as 
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Non-Local Correlation Effect on Periodic Field, AntisC1-eening 677 

(1) 

where 

h2k2 4 2 
V (q) -_ 7C

2
e , Ck=--, 

2m q 

and Q is the total volume of the system. For simplification we suppress spm 
indices. 

We first calculate the one-particle self-energy I C (k, () due to the Coulomb 
interaction to obtain the quasi-particle energy spec rum E(k). Then, treating 
A (K) as a small perturbation, we calculate the self-energy part I (k, () of the 
quasi-particle affected by A (K), and finally define the energy spectrum as a set 
of poles of the final single-particle Green's function. 

(a) (b) 

-K 
~======~= 

+K 
"*-======== 

k, ~ 

Fig. 1. Diagrams for the first diagonal element of I (k, ,). To 
consider these diagrams corresponds to the diagonalization in 
the nearly-free-electron approximation. 

In this program, if we neglect terms higher than the second order in A (K), 
the result is essentially equivalent to that of the single OPW calculation and 
we have to consider only diagrams shown in Fig. 1 to obtain the self-energy 
part I (k, (). We thus obtain the final single-particle Green's function in the 
form 

(2) 

Here 

and the unperturbed quasi-particle energy E(k) IS defined as 

(3) 
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678 M. Tanaka 

As is easily proved, this Green's function gives to the second order of ..4, 
the well-known energy spectrum in the nearly-free-electron approximation in 
both cases, IE(k) -E(k±K) I~IAI and E(k)~E(k±K), respectively. It is easy 
to reproduce a more general multi-OPW calculation if we introduce more than 
one Fourier component into the Hamiltonian (1). 

In the denominator of Green's function (2)!. the periodic field A (K) is 
modified by the electron-electron correlation as follows. At the first, A (K) is 
affected by screening. We indicate this screened A (K) by double dotted lines 
in Fig. 1. In this section we discuss some of properties of this modified field 
ACK). In addition to this screening effect, A (K) is affected by another effect 
which depends upon the wave vector k of the electron, and is therefore es
sentially a non-local correlation effect. This' is the well-known vertex correction 
which we have shown as shaded parts in Fig. 1. We approximately separate 
this effect from the screening one and assume A (K) is modified into A (K ; 
k, () by this. In § 3, we qerive an expression for this vertex correction in 
the high density limit. 

Here we summarize the well-known screening effect. In the Random Phase 
Approximation, A (K) is given as a solution of the integral equation shown in 
Fig. 2.5),11) The result IS 

where 

- A(K) A (K) =-~-~--~~~-~- , 
1 + (w-s/2n) F ex) 

A(K) 
Xo~~~:==~:~ = 

Fig. 2. Integral equation for the screened periodic field in the R.P.A. 
Double dotted line means the screened periodic field A (K), single 
dotted line the initial A(K), wavy dotted line Coulomb interaction 
v(K), and circular solid line means polarization of electrons. This 
equation gives the same expression for A(K) that the result with 
use of the first order perturbation for wave function of electron 
and of Poisson's equation for the electronic charge. (See reference 
11) .) 

(4) 

(5) 

As well known, Eq. (4) reduces to the Thomas-Fermi screening in the 
case x~1. However, the Thomas-Fermi screening does not give numerically 
good estimates for A (K) if K is not so much smaller than 2kF • The fact that 
this screening factor reduces its effect abruptly as the length of the wave vector 
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Non-Local Correlation EfFect on Periodic Field, Antiscreening 679 

K passes the value 2kp is known as the Kahn effect. I2) 

careful not to overestimate the screening effect for the 
periodic field. 

Therefore we must be 
short range part of the 

.1 (K)/(2k,./3;:) 

1.000 

0.500-

0.5 0.7 '0.9 1.0 1.1 1.3 

Fig. 3. The screened point-charge type potential. 
Curve (0: The screened potential, A(K) = 

(2kp/3IT) (1/x2 + (ars/2IT) F(x)). 
Curve (II): The result of the Thomas-Fermi 
screening, A (K) TP= (2kp/3IT) (1/x2+ (ars/IT)). 
Curve (III) : "Bare" potential, A(K) = (2kp/3IT) 

(VX2). 
Unit of the vertical axis is (2k p/2IT) =0.212kp 

Ry. (k p in a.u.) This figure is drawn with 
following values that correspond to the case 
of sodium; rs=3.9~, k p =OAE5 a.u., (2kp/3IT) 

=0.103 Ry. 

In order to see how this effect 
is important to the periodic field 
which gives the first energy gap in 
monovalent metals, we evaluate 
Eq. (4) in the following. Assum
ing the simplest form A (K) = 

(N/Q) (4rre2/K2) , we compare the 
screened A (K) with A (K) and 
also with the result of the Thomas-
Fermi screening in Fig. 3. As 
expected, A (K) is close to the 
result of the Thomas-Fermi screen
ing in the range K<'2kp , but it 
seems to change the sign of its 
,curvature passing through the point 
K =2kp , so that its curve becomes 
nearer to that of A (K) as if pulled. 
This is caused by an anomalous 
behavior of the function F(x) 
near x = 1,12) that is, A (K) is not 

monotonic and has a hump at K 
a little larger than 2kp , so that the 
value of the screened potential 
slides nearer to that of the un
screened A (K) . 

WOe may expect the same 
situation for a general pseudopo
tential even if we put forward the 
calculation of screening beyond 
the RP.A., because the anomaly 
results simply from the existence 
of a sharp Fermi surface. 

In the case where A(K»O near K='2kp , A(K). takes its minimum value 
at K a little smaller than 2kp and maximum at K slightly larger than 2kp • 

In Table I, we show the values of (K/2kp) mu> and (K/2kp ) max for the point 
charge type A (K) with various values of r8 • 

The potential difference A (K) max -)( (K) mlll is extremely small and corres
ponds to the energy of 30oK-50oK. However, we may expect that the above
mentioned situation plays some important roles in the properties of alkali metal 
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6S0 M. Tanaka 

Table 1. The value of (K/2kp) for maximum and minimum of the screened point·charge type 
potential. 

Metal Li Na K Rb Cs 

r. 3.22 3.96· 4.87 5.18 5.57 

(K/2kp )mm 0.9995 0.9978 0.9928 0.9919 0.9861 

(K/2kp )mux 1.0005 1.0021 1.0061 1.0073 1.0113 

alloys at extremely low temperatures. 
Concluding this section, we may say that the screening effect is not so 

important in the calculation of the energy band of monovalent metals. For 
example, the reduction of pseudopotentials due to the screening effect amounts 
to minimum 11.6% for Li and maximum lS.5% for Cs for the component of 
K = (2n/ a) (1, 1, 0), and to 2.S % for Li and 5.S % for Cs for the one of K = 
(2n/ a) (2, 0, 0). These values of reduction may remain in the range of error 
which results from ambiguity in the initial potential. Thus the screening effect 
on the short range components of the periodic field is actually unimportant 
even in the RP.A., where we might overestimate the screening effect. *) 

In the next section, we consider roles of the non-local correlation effect 
which is not canceled by, but actually overcomes the screening effect in the 
case of a short range periodic field. 

§ 3. Non-local correlation effect: vertex correction 

We consider in this section the second correlation effect which modifies 
A (K) into A (K ; k, ~). As a result of introducing Coulomb interaction, we 
have to consider virtual pair excitations of several values of momentum difference 
over the whole Fermi surface. If an external electron exchanges itself with a 
virtual pair of momentum difference K excited by the periodic field, this ex
change scattering causes an additional indirect Bragg reflection propotional to 
A (K) . As stated in § 2, this kind of effect comes generally from vertex dia
grams in Fig. 1. Because vertex diagrams depend upon k and ~ of an ex
ternal line, this effect is essentially non-local. In order to obtain an expression 
for the vertex correction in the lowest order of the effective Coulomb inter
action, we have to consider four diagrams shown in Fig. 4. In' the case of 
a monovalent metal K is larger than 2kp , so that diagram (d) is not neces
sary. As easily seen, the structure of each diagram resembles that of the 
second term in Fig. 2, and the only difference is that the effective Coulomb 
interaction appears in Fig. 4. Their contributions are, however, definitely 
opposite, because each diagram in Fig. 4 has not negative sign due to con-

*) This statement is supported by Hubbard's calculation of the dielectric constant of an 
electron gas, that is, for the momentum transfer larger than 2kp the screening factor is greatly 
reduced from the result in Eq. (4) by correlation among electrons of antiparallel spins,13) 
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Non-Local Correlation Effect on Periodic Field, Antiscreening 681 

traction. This leads to an antiscreening effect. Moreover, for a special electro
nic state such as one at the center of the zone boundary in the cases of mono
valent metals, the contribution from the vertex parts is always greater than that 
from the corresponding part in Fig. 2. 

Therefore the vertex correction gives an anti screening effect generally and 
even enhancement for some special states. 

l.'+K k+K 

(a) (c) (d) 

k+K-q qJI). K 
X"==== ,X===== 

K 

Fig. 4. The first order diagrams with the effective Coulomb interaction for the vertex 
correction. Diagrams (b) and (c) are the exchange scattering. 

What we mean by antiscreening is as follows. From Fig. 4, A (K ; k, () 
IS written approximately as 

.l(K; k, () =A(K) {I +A(K; k, ()}, (6) 

III which 

A(K; k, () >0. 

In the following we give an expression for A (K; k, () in the high density 
limit. To do so, it is enough to obtain the lowest order term in 1"8 from Fig. 
4, because there appear in the denominator of Eq. (4) only terms of the first 
order in 1'.. Therefore we regard propagators in Fig. 4 approximately as free 
single-particle Green's functions. We now derive an expression for the vertex 
correction by the use of the usual rules of calculation in the propagator forma
lism (see, for example reference 5». We shall show another simple and in
tuitive derivation in the Appendix. We write a free single-particle Green's 
function as 

where (; is a positive infinitesimal parameter and n", is the distribution function 
of electrons at absolute zero. Then, contribution to A (K ; k, () from each dia
gram in Fig. 4 is expressed generally as 
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682 M. Tanaka 

A (K; k, () =iJ ~~:)3t- Erq:q~) SO(k+K-q, (-w)SO(k-q, (-w) 

"f d 3q 1 
=z(27r)'S c, .. +1t-'l-Ck-'l+ io (n,.·+Tl-'l- n,.--'1) 

x r dw v(q) [ 1 . 
J (27r) E(q, w) (-W-C'HR.-'1+io (1-2n'HK_'1) 

- ( - W - Ck-'l + ~o (1 - 2nk_q) ] . 
(7) 

In order to obtain the first order term in r., we can neglect the contribution 
from diagram (a) and take E (q, 0) in place of E (q, w) in diagrams (b) and (c). 
Roughly estimating, we can show that contribution from diagram (a) to 
A (K; k, () is of the order of 1'.3/2ln rs and the effect of retardation in diagrams 
(b) and (c) of 1's2. 

In the lowest approximation, an expression for A (K ; k, () IS 

ACh)+Co) (K· k ") = '- J3:~q-. 47re2_ nk+~K-'l- n, •. _'l (8) 
, ,~ ()3 2 k2 ' 27r q + TF Ck+ T( -'1 - C';_q 

where kTF ( = V3-W pZ/VF) is the Thomas-Fermi screening constant. Clearly this 

is positive. 
Cohen and Phillips have also paid attention to the antiscreening effect in 

their self-consistent treatment of dielectric constant. l4),*) However, they took 
this effect into consideration only as a local effect in their e:x;pression for the 
dielectric constant, so that their estimatioJ?, for the total potential seems to be 
unreliable. It is clear that we obtain the same integral equation for the effective 
potential as theirs, if we reformulate our program self-consistently both for the 
correlation effects and the periodic field. Therefore we discuss briefly how we 
simplify the scheme. 

If we solve their self-consistent integral equation (3 ·13) carefully in the 
lowest order of V"ff,K, we obtain an alternative expression for the total potential 
V(K) as 

Here we assume the screened Coulomb interaction with the Thomas-Fermi 
screening constant kTF and the one-particle energy EKl consists of the kinetic 
energy and the first order exchange self-energy of the order of r.. The numer-

*) The author is grateful to Dr. M. Watabe for emphasizing this point and for his suggestion 
for a more plausible expression .. 
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Non-Local Correlation Effect on Periodic Field, Antisaeening 683 

ator is equivalent to our expression Eq. (8) except that we neglect the· exchange 
self-energy in the one-particle energy. Their expression for the dielectric con
stant is essentially the denominator of the above solution. We can neglect the 
second term in the curly brackets because it is a correction to F(x) in Eq. (4) 
and of higher order in rs. 

Now we evaluate the vertex correction (8) for a special single-particle state 
k = - (K/2) , that is, at the center of the zone boundary that bisects the recipro
cal lattice vector K. In the reduced notation, 

A(b)+(C) (K ; k, () ~ A (x) 

where ICc2 = (kT//kF2) = (4ars/n). The role of ICc in the integrand which comes 
from the screened Coulomb interaction is clear. Suppose a sphere with radius 
ICc and centered at the point k= - (K/2). If this does not intersect the Fermi 
sphere, the transferred momentum in a virtual state always belongs to the short 
range part of the Coulomb interaction and we can neglect the screening effect 
in Eq. (9). This gives a geometrical restriction to the high density limit ap
proximati,on. 

In order to compare the result with the screening effect, we assume that 
1"., is small enough to satisfy the· following condition, 

and neglect IC/ in the integrand of Eq. (9). This is not so plausible physically, 
because for K = (2n/a) (1, 1, 0) Eq. (10) gives the restriction rs~0.452. We 
shall evaluate Eq. (9) for real metals after the discussion in § 5. In the above 
approximation A (K; k, () comes from Eqs. (4) and (8) as 

= . _] + (ars/2n) X (x) A(K, -K/2, LK/2) -A(K)--~~----------, 
1 + (ar./2n)F(x) 

(11) 

where 

1 

_ 2 r Q I x+Q I X (x) ----I dQ-----In --- . 
x "0 X2_Q2 I x-Q ! 

(12) 

We have shown in Table II the numerical values of X (x) and F (x) for 
several values of x which correspond to the points of symmetry, N, P, Hand 
2N in the first and the second Brillouin zones cf body-centered cubic crystal. 

On account of the restriction for I"s vertex correction itself is not so large 
even at the point N, but the fraction in Eq. (11) is larger than 1, that is, the 
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684 M. Tanaka 

total correction shows enhancement for the periodic field at the center of the 
zone boundary that bisects the reciprocal lattice vector K. Thus we have 
proved numerically the enhancement effect. 

Table II. Comparison of anti screening with screening. lex) is the lowest order term in r. of 
antiscreening and F(x) is the screening factor in' the R.P.A., the Kohn function. Here, 
X= (K/2kF)' and N, P, H, 2N correspond to the points of symmetry in the first and the 
second Brillouin zones of body-centered cubic crystal. 

Symm. point N P H 2N 

x 1.140 1.396 1.612 2.280 

A(X) 2.250 ,0.605 0.287 0.058 

F(x) 0.493 0.199 0.108 0.026 

However, we should pay attention to the following two points. At first, 
the above evaluation is for a rather special point k = - (K/'J) _ Although it is 
very difficult to evaluate exactly Eq. (8) for more general electronic states, we 
show that the enhancement effect is extremely anisotropic in the Brillouin zone. 
For k which lies on a zone boundary, A (K ; k, (;') is obtained roughly as*) 

(13) 

where () is the angle between k and - (K/2) and is assumed to be small. On 
the other hand variation of A (K; k, (;') along lines of symmetry is rather slow 
as we shall show for a special case in § 5. 

The second point to be mentioned is a role of the screening effect. If we 
wish to evaluate the vertex correction on the Fermi surface, we must not neglect 
ICc in the integrand of Eq. (8), because for an allowed virtual state in this case 
the transferred momentum q may become zero. Moreover, we can not neglect 
the contributions due to the retardation effect in Fig. 4. W'e discuss briefly 
this point in § 5. 

§ 4. Self-consistent energy gap equation 

Now we should pay attention to self-consistency for the vertex correction. 
Suppose a case where the wave vector K of, the periodic field is nearly equal 
to 2kF • Then as the length of K approaches to 2kF , A (x) increases unbound
edly. This is incorrect because we take into account the energy gap at the 
zone boundary. The enhancement for A (K) means on the other hand making 
the energy denominator larger in Eq. (8) and therefore reducing the vertex 
correction. 

Thus it should be necessary in this case to give a self-consistent equation 

*) The matrix element of the Coulomb interaction in this case varies roughly proportion
ally to cos21J. 
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Non-Local Correlation Effect on Periodic Field, Antiscreening 685 

for the energy gap. If we want to derive the equation in the lowest order in 
r. and in A (K), it is enough to adopt an expression for the one-particle energy 
as follows, 

(14) 

In the same approximation for r. as in deriving Eq. (11), our self-consistent 
energy gap equation is given as follows. As one easily sees from Eqs. (8) and 
(14), Eq. (6) is modified as 

A(K; k, 1;:') =A(K) {1+A(K; k, 1;:'; A)}. (15) 

Here we neglect self-consistency for the screening effect because it is local. At 
the point N which is nearest to the Fermi surface, the energy gap LI (= 2A) is 
determined by the following equation which is an alternative expression of Eq. 
(15), 

LI (ar ) 25 -1 = 2: {J. (x ; LI) + LI· tL (x ; LI)}, (16) 

where 

Table III. Self·consistent correction to the periodic field at the point N. The total correction 
(AlA) •.•. is derived self-consistently from the value of the energy gap at the point N. 
Values of the initial periodic field, A(K) and r. are chosen arbitrarily. Agreement be
tween (AlA) •.•. and the result of perturbational treatment, Eq. (11), (AlA)p is very good. 

0.1 0.5 1.0 

(AlA) •.•. AjEp=O.1 1.014 1.071 1.137 

=0.2 1.013 1.068 1.131 

=0.3 1.012 1.064 1.118· 

(AlA)p 1.014 1.072 1.140 

and the energy gap and the periodic field are normalized as LI = (2 AI Ep) and 
5 = (AI Ep ), respectively. 

It is easy to solve numerically the above equation with suitable values for 
.A (K) and r.. However, we are interested in the vertex correction itself. There
fore we solve graphically Eq. (16) for LI with arbitrary values for A (K) and 

r,. In Table III we have shown results for the total correction CAl A) H in 
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686 M. Tanaka 

comparison with the results of the perturbational treatment CAl A) p from Eq. 
(11). In Table III the last column for r. =r 1.0 lies of course out of the range 
of the approximation and even so does the fourth. !tis, however, remarkable 
that an agreement between (AI A). e. and (AI A) p is very good for small values 
of (AIEF)' Therefore we can evaluate the vertex correction simply by Eq. 
(11) without taking care of self-consistency even for the nearest point N as 
long as CAlEF) is small. 

Here we want to mention two points. The first point is an extrapolation 
of the results in Table III to the case of larger values of r.. Although we 
should carefully calculate terms of higher order in r., we may expect that the 
total correction is not so much different from the extrapolated values because 
as is easily seen from Figs. 2 and 4 higher order diagrams appear in the same 
way both in screening and exchange parts. 

The second point to be mentioned is that the distortion of the Fermi sphere 
due to the lattice potential is, as is well known, rather small in the cases of 
alkali metals. For example, the value of (AIEF) with Ham's estimated value 
for the pseudop~tential VI (IN) 15) is minimum 0.034 for Na and maximum 0.356 
for Cs, and on the other hand (ICk±K- ckiIEF) is 0.638 at the Fermi surface 
in the direction <1 1 0). Therefore the coefficient of the perturbed wave 
function of the first order is rather small. Thus our selfconsistent treatment 
adopting the expression (14) is easily extended to the cases of real alkali 
metals with large values of r. where the enhancement effect at the point N 
might amount to an order of ten percent. 

We conclude this section by saying that it is essential to take into account 
the vertex correction for each Fourier component of an empiric~l potential in 
calculating the energy band. 

§ 5. Effect of non-local vertex correction on the Fermi surface 

In the cases of monovalent metals, as is shown in the preceding section, 
an electron feels effectively a more strong periodic field near the center of the 
zone boundary, say the point N, than at other parts in the Brillouin zone, so 
that the Fermi surface is pulled nearer to the zone boundary in the direction 
<1 1 0). Although the conclusions in the preceding sections are derived in the 
high density limit approximation, we can show that the enhancement effect is 
also essentially important in the cases of real alkali metals because it gives an 
appreciable correction to the potential used in the one-particle approach. 

In this section we show briefly how much important the enhancement 
effect is for the determination of the Fermi surface near the energy gap. As 
an example, we estimate this effect for the case of lithium to guess the possi
bility of zone-contact. Callaway9) has calculated the energy band of lithium 
using the OPW method with an empirical potential and has shown the cross 
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section of the Fermi surface in the plane (00 1). The Fermi surface shows 
anisotropic distortion from a sphere, but does not come into contact with the 
zone boundary. However, he took into account many-electron effects only in 
suppressing the component of K = 0 in the potential. Therefore it may be ex
pected that the Fermi surface comes into contact with the zone boundarylO) if 
we introduce the enhancement effect into each component of his potential. It 
is, however, out of the extent of this article to reproduce his refined calcu
lation in our scheme, and therefore we simplify the problem by assuming that 
very near the direction <1 1 0) the energy band may be reproduced with a 
single pseudopotential j (IN) 12, that is, a half of his calculated energy gap at 
the point N. 

The most serious point in our . scheme is how to estimate the screening 
factor, because we have no a priori reason to evaluate the screening effect 
by Eq. (4) for the value of r., 3.22. We simply assume that contributions 
from the retardation effects in Fig. 4 may be of the same order as the screen
ing effect. For example, making use of Hubbard's expression for the die
lectric constant, we can show that the screening factor corresponding to the 
second term in the denominator of Eq. (4) is only about 0.077 for rs=3.22 and 
for K = (ZITI a) (1,1,0), and comparable to the contribution from diagram (a) in 
Fig. 4 which is one of the retardation effects of lower order. It is, thus, not 
far from the truth to neglect both screening and retardation effects in the de
nominator and the numerator in Eq. (11), respectively. Therefore we consider 
in the following only the effect of the exchange scattering in the first order of 
the effective Coulomb interaction, such as diagrams (b) and (c) in Fig. 4. We 
should keep in min.d that the evaluation in the following might give an under
estimated correction because higher order terms in the vertex correction are 
not negligible and may overcome the screening effect. 

In this approximation, the vertex correction on the Fermi surface is given 
directly from Eq. (8) without suppressing /Ce in its integrand. In the direction 
<1 1 0), 

A(K; kF)(110)=0.1042, 

and III the direction <1 0 0) roughly, 

A (K; kF)(lOO)=0.0494. 

If we evaluate A (K ; k, 1;;') at the point N directly from Eq. (9) without neg
lecting /C/, 

A(K; -KIZh=0.1045. 

This numerical value at the point N is of an order which is expected as an ex
trapolated value from Table III and therefore our assumption for cancellation 
of screening by retardation effects seems to be verified. On the other hand, 
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the small difference between A(K; -K/2h and A (K; k F )<110) means that the 
Fermi surface intersects the sphere of the radius ICc centered at the point N, 
and therefore the variation of A (K ; k, () along lines of symmetry seems to be 
rather slow in this case. 

It is to be mentioned that the above enhancement of the energy gap at the 
point N is of comparable order with the difference between Callaway's result, 
J (IN) = 0.232 Ry and Ham's, J (IN) = 0.209 Ry16) suggesting importance of many
electron effects and requirement of more rigorous treatments for calculation. *) 

Now if we express a further distortion of the Fermi surface form Callaway's 
result as kFo, 0 is given approximately as follows: . 

0=_1_ laI 2 {(I+A)2-1} 
4 x 2 -cos 28 ' 

(19) 

where 8 is the angle between k and K, and K and A (K) are normalized simply 
to kF O and E F , free electron values of r. in lithium, respectively. Here for the 
pseudopotential we neglect the screening effect and substitute simply the follow
ing numerical value, 

lal = IA(K) I/EF~i(IN)/2EF=0.327. 

Then as an underestimated value, 

0(110)~0.020 , 

and therefore using Callaway's result in the direction <1 1 0), kF~1.016k/, 

kF<ll 0) = (1 + 0) kF~1.04kFO . 

On the other hand we can roughly estimate 0 in the direction <1 00) from 
the above value of A (K ; k F ) <1 0 0), 

0(100) = 0.003, 

and this gives a correction of negligible order to Callaway's result, kF~0.95k/ 
m the direction <1 0 0). 

The resultant kF (110) may be smaller than a value expected from the order 
of the vertex correction itself, but an essential point to be mentioned is that 
distortion of the Fermi sphere, 0(110) is larger than the result of Callaway's cal
culation. This proves the importance of the correlation effects in the calculation 
of the energy band. 

Thus we have shown that we cannot answer definitely the problem of zone
contact in lithium without considering the correlation effects. The scheme to 
be taken is as follows. At first, we calculate the vertex correction and the 
screening effect for each Fourier component of, for example, Callaway's potential 

'i') We adopt 6.()183 a,u. in this section as the value of the lattice const ... nt for lithium.9) 
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III his Table I' in reference 9). The screening effect is unimportant even for 
the component of n~=2 in the table, and therefore we may evaluate the total 
correction only from Eq. (8) as we stated at the beginning of this section. Thus, 
every component of potential is enhanced for the electronic state near the point 
N. Then, using these effective components, we should reproduce the multi
OPW calculation to obtain a more distorted Fermi surface in the direction 

<11 0>. 
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Appendix. 

Antiscreening effect in terms of the Hartree-Fock approximation*l 

We give here a simple derivation of the vertex correction, Eq. (8) in order 
to make its physical basis clear. In the pseuaopotential formalism, the Coulomb 
interaction between valence electrons is considered usually only in the Hartree 
approximation. This is not always correct, because it is just the Fock term, 
the exchange scattering, that gives the vertex correction14l 

Assuming the electronic wave function as combination of plane waves, 

¢p (r) = 1 / 
1 ~ ak,p exp (ikr) , 

v Q k 
(A·l) 

we write the Hartree-Fock equation neglecting the direct Coulomb interaction 
term for simplicity as 

(A·2) 

where U is a periodic pseudopotential. If we take only one Fourier component 
A(K) into consideration as the pseudopotential, Eq. (A·2) becomes to the first 
order of A (K) as 

(Ep - 10k) ak,p~ A (K) ak+K,p 

(A·3) 

What we want to discuss is the second term in Eq. (A· 3), that is, the modi
fication to A (K). 

*l The discussion in this appendix is emphasized by Dr. M. Watabe concerning the validity 
of the Hartree potential in alkali metals. 
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(A·4) 

The approximation taken in § 3 is essentially equivalent to the following one 
for a/;:.,p, 

We obtain to the first order of A (K) 

Thus, the modification which is proportional to A (K) is written as 

(JA(K) ~ _.~~/·V(q) nIHK-'I-n/;:-'I A(K). 
2.!2 'I C/HK_q-C/;:_'I 

(A· 5) 

(A·6) 

(A·7) 

The only difference with Eq. (8) is, of course, that we should take the 
effective Coulomb interaction there as a result of correlation among the valence 
electrons. 
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