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The low-energy properties of Be9 are investigated on the basis of the a-particle model 
by making use of a-a and n-a interactions. Variational calculations are made in which the 
effects of the Pauli principle due to the internal structure of a-particles are taken into 
account. In particular, the inclusion of the dynamics between a-particles affects strongly 
the quadrupole moment and the predicted value becomes considerablly smaller than the 
value of the usual a-particle model. The ground-state moments, p. and Q, and low-lying 
negative parity energy levels are consistently explained by the present model. This means 
that the a-clusters in Be9 are well localized and the interaction between inner a-clusters 
may be not so much different from the free a-a interaction. 

§ I. Introduction 

Besides the two-body correlations, there exist many-body correlations of the 
nucleons in nuclei. The latter correlations make the so-called " nucleon
clustering" appreciable in some of light nuclePl and in a surface of heavy 
nuclei,2J,SJ 

The a-cluster correlations in light nuclei are important especially in the 
Be-region. It seems difficult to explain in terms of the independent particle 
model that Be8 is unstable against splitting into two a-particles. The ground 
state properties and low-lying level structures in Be9 show collective features ; 
a large deformation and a rotational band structure. These features of Be9 were 
interpreted rather well in the strong coupling a-particle model,4l.~l in which Be9 

is composed of two a-particles separated to form a deformed Be8-core, and an 
extra neutron strongly coupled to the motion of the Be8-core by the neutron-core 
potential. Kunz6l has generalized this model taking into account the effects of 
the Pauli principle between the extra neutron and the neutrons in the Be8-core 
and of the band mixing caused by the rotation-particle coupling. The former 
is necessary to explain the spin, parity and binding energy of the ground state 
of Be9 as well as to give a mechanism for the presence of low-lying non-normal 
parity state of Be9 and the latter produces an important correction to the ground
state magnetic moment of Be9 in the a-particle model. Relating the energy 
matrix elements for the Be8-core part to the experimentally determined energies 
of Be8, Kunz has performed detailed calculations. When the equilibrium sepa
ration between two a-particles is fixed so as to give the moment of inertia of 
Be8, the calculated energy levels and magnetic moment of Be9 are in good agre-
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586 J. Hiura and I. Shimodaya 

ement with the experimental data. However, the prediCted quadrupole moment 
is nearly three times as large as the spectroscopically observed value. 

The above situation, however, does not necessarily mean that the a-particle 
picture for Be9 is inadequate. Such a large quadrupole moment is a direct con
sequence due to the large a-a distance determined by the simple rotational 
model for Be8• The inconsistency betweeq the energy level scheme and the 
quadrupole moment in Kunz's treatment may be simply attributed to the neglec
tion of the dynamics between two a-particles. The main features7> of the a-a 
interaction required phenomenologically from the analysis of low energy a-a 
scattering are well established from the investigation8> based on the cluster 
model by making use of the nucleon-nucleon force. Therefore it is interesting 
to investigate the effects of the dynamics between the inner a-particles on the 
a-particle model of Be9• 

Our purpose is to show the usefulness of the a-particle model for the low 
energy properties of Be9 • Here the following a-particle model is assumed, in 
which the inner a-clusters the free a-particles and a free a-a potential is 
introduced as well as the n-a potential. This model is the limiting one of the 
four particle-cluster model of Be9 • It will be suggested by the usefulness of 
the a-particle model to what extent the a-clusters in Be9 are to be regarded 
as free a-particles. The variational wave function is assumed to be. a molecular 
type wave function with the mixing of bands in order to take account of the 
collective features in Be9• Also we shall include the effects of the Pauli principle 
due to the internal structure of the a-particles not only for the intrinsic wave 
function of the extra neutron but also for the radial (vibrational) wave function 
for the two a-particles. 

In § 2, the formalism of the a-particle model for Be9 is described. The 
method of calculations is given in § 3. The results are given in § 4. Discussions 
are made in § 5. 

§ 2. Formalism of the a-particle model for Beg 

2.1) Hamiltonian 
In the a-particle model, Beg is composed of two free a-particles .and an 

extra neutron interacting each other through the a-a potential V a a and n-a 
potentials Vna(i) (i=1, 2). In terms of the relative coordinate R between the 
a-particles and of the neutron coordinate r referred to the center of the two 
a-particles, the Hamiltonian of the relative motion of this system is given by 

with 

H=TR+ Vaa+T,.+ Vnc 

T R=- (h2/2 (2M) )f7'}t, 

T,.=- (h2/2(8M/9))f7!., 

(1) 

(1·1) 

(1·2) 
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Alpha-Particle Model for Be9 587 

(1· 3) 

Here, T R and T .. are the relative kinetic ener~1es of the two a-particles and 
of the neutron-Be8 core, respectively. M is the nucleon mass and "Vnc means 
the effective neutron potential which represents the interaction of the neutron 
with the Be8-core. 

The nuclear interaction between the a-particles has the following charac
teristic features ; (i) the outside attractive force (R = 2rv5f, If= 10-13cm), (ii) 
the inside strong repulsive force originating from the Pauli principle (R<2f) 
and (iii) the state dependence caused by the exchange effects. These essential 
features were derived by one of the present authors (I.S.) and his collaborators8l 
making use of the elementary nucleon-nucleon force. Defining a projection 
operator PL for the state with the relative angular momentum L of the two a
particles, we write this potential as 

Vaa= ~ V~Z;j (R)PL. (2) 
L 

For the radial form V ~~l (R), the following hard core potential models are 
used. (a) The phenomenological potential for S- and D-states determined by 
Spuy and Pienaar7l from the analysis of the low energy a-a scattering data : 

+ oo for R <Rc, 

- VL for Rc<R <Ro, 

0 for Ro<R, 

(3·1) 

where Rc is the hard core radius. (b) The S-state potential adjusted to reproduce 
the a-a scattering length :9l 

for R<Rc, 
(3·2) 

where the second term is the direct parel derived from the nucleon-nucleon force 

1.8 

1.6 

1.8 

2.0 

Table I. The values of potential parameters for Vaa <Ll (R). 
Case (a) The square welFl 

RoCf) Vs(Mev) Vv(Mev) 

4.0 7.9 10.5 

Case (b) The Gaussian well (a0 =0.29 f-2, V0=325 Mev) 

V 8 (Mev) 

0.37 

0.41 

0.49 

399 

479 

723 
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588 J. Hiura and I. Shimodaya 

Mev 
5r---ro-.-----.------.-----~ 

Fig. 1. The radial dependence of V aaL(R). 
(a) The phenomenological potentiaF> 
determined from the a-a scattering 
data. 
(b) The S-state potential adjusted to 
reproduce the a-a scattering length.9l 

having the Gaussian well type. The radial 
dependence of these potentials is shown 
in Fig. 1 and the values of its parameters 
are listed in Table I. 

A quantitatively reliable potential of 
the n-a interaction based on the nucleon
nucleon force has not yet been esta
blished. For the present we use the 
phenomenological p-a potentials given by 
Sack et al.10> and by Spuy ;11> in the former 
only p-wave phase shifts are analysed 
and in the latter the s-wave phase is also 
considered. The form .of potential is 

Fna(i) =- Fo exp(-bri2) {1 +~(li·s)} 

(i=1, 2), (4) 

where ri and li represent the relative 
coordinates and the relative angular mo
menta between the neutron and the i-th a
particle respectively, and s the intrinsic 
spin of the neutron. The values of the 
potential parameters are also given in 
Table II. 

Making the coordinate transforma
tion from ri to R and r in Eq. (4), we 
use the relation 

Table II. The values of potential parameters for V na· 

Sack et al.IO> 

Spuym 
0.189 

0.216 

co 

V 0 (Mev) 

47.32 

50.89 

exp ( -bR·r) =I:; (2k+ 1) i" j~c(ibRr) P"(cos ()'), 
lc=O 

0.248 

0.160 

where j~c(x) is the spherical Bessel's function, P~c(x) the Legendre's polynomial 
and ()' represents the angle between R and r. Then the neutron potential F nc 

in Eq. (1) is given by the following expressions: 

F~02= I:; (2k+1)v\(R, r)P~c(cos 8'), 
k=even 

(5) 

(5 ·1) 
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Alpha-Particle Model for Be9 

V~,? = (9/10) ~ 'E (2k + 1) V,. (R, r) Pk (cos 8') (l· s), 
k=even 

V~)=(l/10)~ 'E (2k+I)V,.(R,r)P~c(cos8')(L·s), 
k=even 

V~~ = (9/20) ~ 'E (2k+ 1) V~c (R, r) P~c(cos 8') ([R x p] ·s), 
k=odd 

V~;?= (1/5)~ 'E (2k+I)V~<(R, r)P~c(cos 8') ([rxP] ·s), 
k=odd 

with 

589 

(5·2) 

(5·3) 

(5·4) 

(5·5) 

(5·6) 

Here, P and p are the canonical momenta for R and r, respectively; L is the 
relative angular momentum for the two a-particles and l the neutron angular 
momentum for the center of the Be8-core. The main terms of V ~p are the or
dinary potential V~l and the spin-orbit coupling potential V2l. For the p-state 
neutron, the only components of k=O and 2 in the multipole expansion of these 
main terms have non-vanishing contributions to their energy matrix elements. 
The remainders in V n'tl (j = 2, 3, 4) are small corrections which arise from the 
spin-orbit coupling terms in Eq. (4) with the transformation of the coordinate 
system. Therefore, the main shape of Vne for the p-state neutron has the axially 
symmetric second order deformation. The extra neutron may be considered as 
moving in the Nilsson potential with the prolate deformation and the spin-orbit 
coupling. 
2.2) Variational wave function 

In order to take account of the collective aspects of the low-lying states of 
Be9, molecular type wave functions are assumed for the variational wave func
tions of our system. Thus the basic functions I p > are expressed in the body 
system fixed on the Be8-core (z'-axis is the symmetry axis connecting the two 
a-particles) and are separated into three parts; the rotational motion of the 
whole system, the vibrational motion of the a-particles and the intrinsic motion 
of the neutron. Furthermore IP) have the symmetry properties of a diatomic 
molecule. 

The vibrational part x (R) describes the radial dependence of the relative 
motion for the two a-particles in the bound system. In choosi11g the form of 
x (R) , the following points are regarded in order to take account of the effects 
of the nucleon exchange between the two a-particles or of the behavior of the 
a-a potential. In the cluster modeP2l of Be8 the radial wave functions of the 
relative ·motion have the same R 4-dependence for the states with a .different 
angular momentum, L= 0, 2, 4, as the result of the rearrangement of the antisym
metrised shell model wave functions with maximum spatial symmetry in the 
configuration (ls)4 (lp)' based on the harmonic oscillator well. In the a-a 
potential, the effects of the nucleon exchange appear mainly in the form of the 
inside strong repulsion. The corresponding radial wave functions,8l which are 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/30/5/585/1851212 by guest on 17 M

ay 2023



590 J. Hiura and I. Shimodaya 

consistent to the behavior of this potential, have RA-dependence for small R, 
where A= 4"'6 for L = 0, 2, 4. Therefore, in the present system, it is suitable 
to assume the form of x (R) to be 

XA(R) =NARAexp(-aR2), A=4 for L=O, 2, 4, (6) 

where a is the variational parameter and NA is the normalization factor. In 
the sense of a variational treatment the validity of the assumption that A is 
equal to 4 must be examind by dealing with A as a variational parameter. This 
is done in § 5. When a hard core is present in the a-a potential Vaa, in ad
dition to the above mentioned R 4-dependence of xA (R), there exists another cor
relation which makes XA (R) vanish in R<Rc. In calculations of energy matrix 
elements of the a-particle parts in Eq. (1), Vaa with the hard core is replaced 
by the local K-matrix13l using the method of the pseudo-potential and XA (R) de
fined in Eq. (6) is regarded as an unperturbed state. 

As mentioned in § 2.1), the neutron potential Vnc is similar to the Nilsson 
potential. Since the Be8-core and the shape of Vnc has large deformation, the 
effect of the spin-orbit coupling term in Vnc can be treated as an perturbation. 
Then, the intrinsic wave function of the extra neutron may be represented in 
terms of Nilsson's basic vectors jNlfJ.V/4) in the LS representation, where fl. 

and v are the projection of the neutron angular momentum and of its spin on 
the symmetry axis, respectively. In our case, however, the size parameter 
[h/"Ww0 (&) r 12 in the radial part of the Nilsson bases is replaced by the vana
tional parameter {3; for example, the spatial parts of the lp-state are 

(7) 

where the primed neutron coordinate r' refers to the body system and N 1P is 
the normalization factor. In order to give the proper ground state for Be9, as 
pointed out by Kunz,6 l we must take into account the Pauli principle between 
the extra neutron and the neutrons in the Be8-core. Dealing with the p-state 
neutron, we use the alternative exclusion principle procedure. In the Nilsson 
picture the Is-states and lp-states with fl.= 0 are all occupied by the nucleons 
in the Be8-core with a lar_ge prolate deformation. The last neutron in Be9 oc
cupies the lp-state with fl.= 1. Thus, the Pauli principle for the extra neutron 
in the lp-state can be approximately taken into account by the requirement that 
only the fl.= 1 component is allowed in our basic functions. The exclusion of 
the magnetic substate fl.= 0 in the lp-state means that the internal structure of 
the a-particle is implicitly taken into account in our model. Indeed, the lp-state 
with fl.= 0 referring to the Be8-core is not orthogonal to the state which is 
an antisymmetric combination6l of internal s-states about the center of mass of 
each a-particle. 

The rotational motion is described by the symmetric top function DM"i_' (()i), 
where J is the total spin of Be9, M and K are the projection of J on the space-

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/30/5/585/1851212 by guest on 17 M

ay 2023



Alpha-Particle Model for Be9 591 

and body-axis, respectively ; {}i denote the Eulerian angles of the axes of the 
Be8-core. 

Then our basic functions are expressed as 

IP)=IANltt+v=!J, JMK=!J) 

= V (2J + 1) /I6rr2 xA (R) {INlttv)DJM!J({},) (8) 

+ (- y-L-lf2jNl-tt - v)D"Jr, -n ({}t)}, !2>0, 

where .Q is the projection of j = l + s on the body-axis, K = .Q implies the axial 
symmetry of the system and the second term is required from the reflection 
symmetry of the system. The basic vectors IP) are to be transformed to the usual 
shell model bases lm)= ILj(sl), JM) in the space system in terms of the trans
formation coefficients Cmp containing the Clebsh-Gordan coefficients, i.e. 

(9) 

with 

Cmp=Cijl,pv!J= (-)L+R-t1!2 (l,(L ~ viZ-~ j.Q) (J-.Qj!JIJjLO) (I+ (-)L)/1/2, 

(IO) 

where the symbol (m) means L, the angular momentum of the Be8 core, and j. 
Thus there exists the "L-mixing " 15J in our base lp). For, instance, the states 
with N=l=tt=I and J=3/2 are 

lip, !2= 3/2, J = 3/2) = (I/1/2) IS, Pa;2) + (I/1/2) ID, Pa12), 

lip, !2= I/2, J = 3/2) = (I/1/6) IS, Pa;2) + Y2/3ID, P112>- (I 1/6) ID, Pa12>· 

Finally, the properly normalized total variational wave functions are expanded 
by lp): 

IJI".~M= ~ aPIP), (11) 
(p) 

where aP = a 1P"' nJ and the symbol (p) means l and .Q ; and thus " .Q =mixing " 6) 

is taken into account in our consideration. Determining the amplitudes aP of 
IP) and inserting Eq. (9) into Eq. (11), we obtain the corresponding amplitudes 
bm of I m) defined by 

(I2) 

§ 3. Method of calculations 

Making use of the Hamiltonian H given in Eqs. (I), (2), (3) and (5) and 
of the wave functions IJ1" J assumed in Eqs. (6), (7), (8) and (11), we perform 
the usual variational calculations for various states of the system. \Ve obtain 
various energies as a function of the variational parameters a and {3 by mini-
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592 J. Hiura and I. Shimodaya 

mising the variational energies (IJfJ, HfJfJ) with respect to the coefficients aP or 
equivalently by diagonalising the energy matrix taken in the basic set [p). 
Minimising these obtained energies again with respect to a and {3, we determine 
the values of a and {3. In terms of the resulting wave functions, the magnetic 
dipole moment and the electric quadrupole moment for the ground state are 
calculated. 

3.1) Energy matrix elements 

The matrix elements of H in the body system are separated into Be8-core 
and neutron parts. For the Be8-core part Haa=TB+ Vaa the matrix elements 
are calculated in the space system by the use of Eq. (9): 

(13) 

where ELA are the variational relative energies for the two a-particles in the Be8 

system without the Coulomb interaction and are given by 

(14) 

with [AL) = xA (R) YLM' (R/R). It should be noted that in Eq. (14), as mentioned 
in § 2.2, we use the effective local K-matrix instead of the a-a potential Vaa· 
Constructing the local K-matrix, we use the Green function for the G-wave cor
responding to the R4-dependence of the unperturbed state x" (R) for small R. 
Furthermore, we use the Green function for the zero energy scattering limit 
neglecting the effects of the neutron binding and assuming the zero energy 
binding of the two a-particles in Be9 system. Then, instead of V~;l (R) in Eq. 
(2), the following expressions for the local K-matrix are used : 

KPl(R) = (2A+1) (1+J}Ll) (h2/4MRc)tJ(R-Rc) + {1- (Rc/R)l+"} Va<Ll(R) 

with 
(15) 

"' 
.dPl= {- (2A+ 1) (h2/4MR/)} -lJd(R/Rc) (R/RcY-"Va<Ll (R), (15 ·1) 

Rc 

where Va<LJ denotes the attractive parts of V ~;l (R). The first term in Eq. (15) 
is the contribution from the hard core with the radius Rc and .d}Ll represents 
the strengthened effect by the presence of Va <Ll. The second term is the con
tribution from the attractive part with the cutting off effect due to the core 
correlation. In terms of Eq. (15), ELA given in Eq. (14) are calculated by 

"' 
ELA= J XA(R) {TR+KPl(R)}x"(R)R2dR, (16) 

0 

where 
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Alpha-Particle Model for Be9 593 

The matrix elements defined in Eq. (13) are given in Table III, for some states 
with the spin J. The non-diagonal elements are the main term of the rotation
particle coupling terms which mix the different 52-bands. 

Table III. The matrix elements <fJ'!HaaiP> for some states with the spin J, where 
EL are the relative energies in BeB system. L=O, 2, 4 are denoted by S, D,G, 
respectively. 

States 

Jor l p. (1/21Haal1/2) (1/21Haal3/2) (3/21Haal3/2) 

1/2- 1 1 (1/3) [2E8 +Ev] 
3/2- 1 1 (1/6) [E8 +5Ev] (1/,/6) [Es-Ev] (1/2) [Es+Ev] 
5/2- 1 1 (1/7) [5Ev+2Ea] cv2/7) [Ev-Ea] (1/7) [6Ev+Ea] 

For the neutron part H,.=T.,.+ V,.. the matrix elements of V,.. are directly 
. calculated in the body system. For V ~) and V ~.}l the simplest results are ob
tain~d, e.g. 

(p'JV~}Jp)= L:; (l'.a'l (2k+ 1)P~c(cos 8') ll.a)I~c(A'N'l', ANl)iJp'p (17) 
· k=even 

with 

(l' .a' I (2k + 1) pk (cos 8') ll.a) 

- = v' (2l' + 1) (2l + 1) (-) "(l'OlO ll'lkO) (l'- ,al.a ll'lkO) (18) 

and 

I~c(A'N'l', ANl) = JxA'(R) (/JN'v(r)V~c(R, r)XA(R)cpK 1 (r)R2dRr 2dr. (19) 

For the nodeless radial neutron wave functions 

I~c~J~c(A' +A+ 2, l' + l+ 2; 2a+b/4, 2{3+ b; b), (20) 

where the normalization factors are omitted and 

J~c(m, m'; p, p'; q) = 4n.Jrm r'm'exp (- pr 2 -p'r'2)i"}~c(iqrr')drdr' (20·1) 

with 4pp' -l>O. The integral J" is familiar in the cluster modeU2l After· 
some lengthy calculations the kinematical parts of the matrix elements of 
V;~p (j = 2, 3, 4) are easily obtained in terms of the standard method of Racah 
algebra. The expression of the corresponding interaction integrals are similar 
to Eq. (19) except that some of them contain a differential operator. The matrix 
elements of V,. • .for the neutron in the 1p-state with .a= 1 are given as followes: 

<1/2JV,..I1/2)= (1-~/2) Cio-12), 

(1/21V,..I3/2)= V(2J + 1)(2J + 3)(~/20) { Cio-12) /2+3(K1 -Ka) /5}, 

(3/2JV,..I3/2)= (1+U2) Cio-12)- (~/5) {(Io-12)/2+3(Kl-Ka)/5}, 
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594 J. Hiura and I. Shimodaya 

where [.!2)(.!2=1/2, 3/2) means [A, N=l=p.=1, .!.?, J) and I 0 =I0 (A1p, Alp) and 
so on. From Eq. (19) we get 

Io- l2 = (- 2Vo) (2{3/ (2{3 +b) y;2 (2a/ Ll) A-fS/2 , (21·1) 

with 

L1 = (8a{3 + 4ab + {3b) /2 (2{3 +b). (21·2) 

The definition of the integral K~c is similar to Eq. (19) except that the factor 
(r/R) is included in the integrand. Then, 

(21· 3) 

3.2) Ground state moments 

After the transformation from the center of mass system of Be9 to our co
ordinate system referred to the center of the Be8-core, the magnetic dipole 
and electric quadrupole operators, M (1q) and Q (2q), are given as follows. 

(22) 

where /).q are the spherical components of the magnetic moment operator 

p = (eh/2Mc) { (1/2) J + (gn -1/2) s}, (23) 

J is the tolal spin of Be9 and ,qn the gyromagnetic ratio of a neutron. 

(24) 

where the second term is a small correction originated from the coordinate trans
formation. 

In terms of the wave function of Eq. (11) and the above operators, the 
magnetic dipole and electric quadrupole moments, fJ. and Q, for the 3/2- ground 
state of Be9 are given by 

fJ.=<JJ[p.0 [JJ)= (eh/2Mc) {3/4+ (gn-1/2) (1/10) (3a2c+41/3a+a_-a:)} (25) 

and 

Q = <JJJ V16n'/5 Q (20) JJJ) = e{ (1/5) (a~- a:),Q0 

- (2/5·9Y(a~+4v3 a+ a_-a:)2(1[r2[1)}, 

respectively, where a+=al,S/2,3/2, a_=al,l/2,3/2, (1[r2[1) =5/4{3 and 

(26) 

(27) 

i& the intrinsic quadrupole moment for the Be8-core. The factor (1/5) in Eq. 
(26) is the usual projection factor PJK for J = K = 3/2. 

§ 4. Results 

For the various a-a potentials v_;;' given in Eqs. (3·1) and (3·2), the 
cases (a) and (b), the variational relative energies ELA (A= 4) of the Be8-core 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/30/5/585/1851212 by guest on 17 M

ay 2023



Alpha-Particle Model fm- Be9 595 

calculated from Eqs. (15) and (16) are shown in Fig. 2 as a function of the 
variational parameter a. In the case (a), En- E8 =3 Mev for the stationary value 
of a and this is consistent with the level distance in Be8• The dependence of 

Es Mev Es Mev 

. "j-2 
o.':-:1o,---____,o,..,_1-=-5 --o""'.z""o,----=-o."="z5=--~o.-3o ':-;,----::-':-::-----:;;-';;;;:-----:::';:;:----;;-!a I -z 

0.10 0.15 0.20 0.25 0.30 

Fig. 2. (a) The variational energies E8 

and En for the BeB-core calculated from 
the a-a potential in the case (a). 

Fig. 2. (b) The variational energies E 8 for the 
Be9-core calculated from the a-a potential 
in the case (b). 

E(3/2-) Mev 
3r---,--,---,---, 

- 2'-::oc:-.1-=-5 _..J.__--:o~.z;;;:o--"----;;r:,o.;/-z 
Fig. 3. The calculated ground-state 

energies of Be9 without the 
Coulomb energy. 

E 8 on the hard core radius Rc of V d~) is shown 
for the case (b). In any case the effects of 
the hard core appear at a>0.25f-2• 

In terms of the energy matrices given in 
§ 3 we obtain the energies E (J") of the .f" = 
1/2-, 3/2-, 5/2- states in Be9 as a function of 
the variational parameters a and {3. For the 
3/2- and 5/2- states 2 X 2 matrices are dia
gonalised. In all calculations we make use of 
the energies E8 and En of the Be8-core derived 
from the a-a potentials of Spuy and Pienaar.7l 

Dealing with the 5/2- states, we need the 
energy Ea of the G-state for the Be8-core. 
Since the a-a potential for this state has not 
yet been given we use the fixed value of Ea 
estimated from the relation Ea-E8 = (10/3) 

X (En- E8)= 10 Mev at a=0.20 f- 2• The results by the use of the n-a potential 
of Sack et al.10l are better than that of Spuy11 l for the negative parity states. 
Thus the following result~ related to such states are based on the former 
potential. 

The a-dependence of the energy of the ground 3/2- state is shown in 
Fig 3, for fixed values o£{3. The minimum of energy occurs at a=0.21f-2 
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596 J. Hiura and I. Shimodaya 

and {3 = 0.15 f- 2 with the corresponding energy E(3/2-) of about -1.5 Mev. 
The values of the coefficients aP of the ground-state wave function IJf (3/2-) 
evaluated for these values of a and {3 are a+ (!2 = 3/2) = 0.961 and a_ (Q = 1/2) 
= 0.277. From Eq. (12), the corresponding amplitudes bm of the bases 
lm) in the space system are determined as b(S, Ps12) =0.793, b(D, p112) 
.=0.226 and b(D, Ps;2) :;=0.567. The Coulomb energy E. to be added to 
E(J") is given by the expectation value (XA, v.xA), where v. is the 

E(J") Mev 
9~---.----.----.----.-~-. 

7 

L---~--~--~~--~--~fi -2 o.1o o.15 o.zo r2 
Fig. 4. The calculated energies of the negative 

parity states of Be9 without the Coulomb 
energy. 

Mev 
lOr------------------------. 

---5/2- ~ 

8 

6 
---3/2-

4 
---1/2-
---5/2- ---($3/2) 

---5/2-
2 ---Cl/2+) 

0 ---· 3/2- --- 3/2-
Calculated Experiment 

Fig. 5. The calculated level scheme 
of Be9 corresponding to the mi
nimum of variational ener~ies. 

,fl 11.111. 
-u.----.---,----,----, 

'"="--_j_------,;"';-o---'--~/3 
0.10 0.15 0.20 j-2 

Fig. 6. The calculated ground-state 
magnetic moment of Be9. 

Coulomb -potentiaP6> for the two a-particles with the Gaussian charge dis
tribution. Then E. is estimated to be about 1.5 Mev for A= 4 and a= 0.20 f- 2 • 

From the values of E(3/2-) and E., we find the ground-state energy of nearly 
zero. This value is to be compared with the experimental value of about 
-1.6 Mev, the difference between the total binding energy of Be9 and the sum 
of internal energies of the two a-particles. Since the variational energy E (3/2-) 
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Alpha-Particle Model for Be9 597 

is obtained from the difference of large energies, it may be said that the agree
ment is rather good. It is interesting that the above obtained values of the 
variational parameters, a and {3, are very close to those determined from the 
cluster model calculation17> for Be~.*> 

Oef2 
G.o.---,---.--...----, 

5.0 

4.0 

3.0 

The /3-dependence of the energies of the 
negative parity states is shown in Fig. 4, for 
the fixed value of a= 0.20 f- 2 which yields 
the minima. In Fig. 5 the obtained level 
scheme corresponding to the minimum of 
energies is shown with the experimental one.18> 
Our results for the negative parity . states 
seem to be roughly consistent with the cal-
culations of Kunz,6> in which the spin and 

2.0~--L..----;;''=--__L._---,J/3 parity of the experimentally observed 1.8 Mev 
0.10 0.15 0.20 f-2 

level are predicted as 1/2+. 
Fig. 7. The calculated ground-state 

electric quadrupole moment of The /3-dependence of the ground-state 
Be9. moments, /1. and Q, evaluated from Eqs. (25) 

and (26) is shown i.n Figs. 6 and 7, respectively, for the fixed value of 
a=0.20f- 2• These are compared with the experimental moments which are 
-1.18 n.m.19> and 2.9 e/\20> respectively. For the values of a and {3 which produce 
the minimum of the ground-state energy, the predicted ground-state moments are 
fJ.= -1.21 n,m. and Q=4.6 eP. For the magnetic moment the above obtained 
value is close to the experimental one. The effect of the small mixing of !J= 1/2 
band in the ground-state wave function is very important for the magnetic mo
ment. If the !2-mixing is not considered, a+ (.Q = 3/2) = 1 and a_ (.Q = 1/2) = 0 
in Eq. (25), we find /1. = -0.54 n.m. The calculated value 4.6 eP of the quadru
pole moment is larger by a factor 1.5 than the observed one, 2.9 ef2 based on 
the spectroscopic measurements. However, it seems that our result is consistent 
with the values of the quadrupole moment required from the analysis21>'22> of 
high energy inelastic electron scattering data on Be9• It should be noted that 
the value 4.6 ef2 of the quadrupole moment in our calculation is considerably 
smaller than the value 7.9 ef2 of Kunz.6> This is caused by the difference of 
the a-a distance. In our a-particle model, the root mean square distance between 
the a-particles given by Eq. (27) is 3.7 f for a=0.20f-2• On the other hand, 
the value of the equilibrium a-a distance in the usual a-particle model is 4.6 f, 
which is deduced from the moment of inertia of Be8 system under the assump
tion that the first 2+, 2.9 Mev state of Be8 represents a simple rotational exci-
tation. 

*> However, it should be noted that in reference 17) A is set equal to zero, while our results 
are based on the choice of A=4. 
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598 J. Hium and I. Shimodaya 

§ 5. Discussions and conclusions 

Our calculated results in § 4 are based on the assumption that in the radial 
(vibrational) wave fun~tion x,~ (R), A is equal to 4. Now, we deal with A as 

, a variational parameter. The calculations are made for the values of A= 0, 2, 6. 
The relative energies EL,~(L=O) of the Be8-core plotted as a function of a have 
no minimum for A= 0, 2, while the stationary value of about 2 Mev occurs for 
A= 6. (The minimum value is 0.4 Mev for A= 4.) The choice of A affects not 
only ELA but also the potential energy of the neutron, as seen from Eqs. (21) . 
The values of the minimum energies in the groundconfiguration l=f.L=1, J=S2 
= 3/2, and of the corresponding parameters a, {3 :;tnd (A I R2 l AYI2 are listed in 
Table IV for each value of A. This result indicates that our arguments for 
the choice of A= 4 mentioned in § 2.2 are reasonable. 

Table IV. The values of the minimum energies in the ground configuration l=t~=1, 
J=!J=3/2 and of the corresponding parameters a, {j and the root mean square 
distance, for each value of A. 

A E(Mev) 

2 0.1 0.13 0.16 3.7 

4 -0.9 0.21 0.15 3.6 

6 2.0 0.23 0.13 4.0 

Although the effect of the Pauli principle is regarded for the assumed 
radial wave function xA (R) as its R 4-dependence, the calculation of the quadrupole 
moment in § 3 is essentially based on the point a-particle model. The quadru
pole moment is simply related to the mean square separation (XA, R2XA). Therefore, 
it seems necessary to examine the effects of the nucleon exchange between the 
a-particles of finite size, for the quadrupole moment of Be9• 

Since the mixing effects of the S2= 1/2 band is small for the quadrupole 
moment, we start from the pure configuration l1p, f.L=1, !2=.7=3/2) in the body 
system which is expressed in terms of the configurations in the space system 
as 

l1p, f.L=1, S2=J=3/2)= (1/VZ) I.; IL, Pa12, J=3/2). 
L=0,2 

In order to include the internal structure of the a-particles to this state, we 
replace the relative wave .function in it with the cluster wave function12J of Be8• 

Then, the ground-state wave function of Be9 is as follows. 

IJ!nr= (1/VZ) I.; I.; (LM'jm1 ILjJM) A {((J1<0 >((J2<0>x,~YLM'} ·I fmJ), (28) 
L=D,2 M', m.i 

where J = j = 3/2. The operator A denotes the antisymmetrization and the nor
malization of the Be8-core part. ((Ji<o> (i= 1, 2) represents. the internal state of 
the i-th a-cluster assumed to be in a spin saturated (1s)4 configuration. Using 
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.this wave function, we calculate the expectation value of the quadrupole moment 
operator which is now defined as the sum of the operators for each nucleon in 
Beg. The main term of the expectation value is the matrix element for the 
electric quadrupole transition in the Be8-system. Then, we get the alternative 
expression for the quadrupole moment Q of Beg, neglecting the small corre
ction corresponding to the second term in Eq. (26), 

Q= (1/5)Qo F(x) (29) 

with x=a/r, where Q0 is defined in Eq. (27) and r is the size parameter of 
the internal wave function of the a-cluster which is denoted as a in reference 12) 
The effects of the antisymmetrization of the wave function is represented by 
the complicated function F(x). The behavior of F(x) is shown in Fig 8. 
The point a-particle model and the shell model correspond to x=O and 1, 
respectively. However, it should be noted that the behavior of F(x) in the 
region of x=1 is inadequate for the Beg-system because of the incompleteness 
of the antisymmetrization in the wave function given by Eq. (28). In our case, 
a=0.20f-2 and r=0.58f- 2 SJ or 0.43f-2/ 2J then x=1/3 or 1/2. Thus it can 
be said that the effect of the nucleon exchange between the a-particles is very 
small for the quadrupole moment. 

F(x) 
Lzr-----.---.---.----.-----. 

0.9 0 0.2 0.4 0.6 0.8 l.Ox 

We have examined the low-energy 
properties of Beg on the basis of the 
a-particle model by making use of the 
a-a and n-a interactions. In particular, 
the inclusion of the dynamics between 
a-particles affects strongly the quadrupole 
moment of Beg. It is shown that the 
low-lying negative parity energy levels 
and the ground-state magnetic and quadru
pole moments are consistently explained 
by the present model. 

Fig. 8. The function F(x) representing 
the effects of the antisymmetrization 
of the wave function for the electric 
quadrupole moment of Beg. In conclusion, it can be said from 

the analysis of the low-energy properties 
of Beg that the a-clusters in Beg are well localized and the interaction between 
a-clusters may be not so much different from the free a-a interaction. 
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