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The energy spectrum of valence electrons in liquid metals is investigated with the nearly
free-electron approximation (Ziman's picture). The spectrum in monovalent (alkali) liquid 
metals is essentially the free one with small increase of the density of states on the Fermi 
surface. In the case of polyvalent metals, the spectrum is distorted by the electron-ion 
interaction reflecting complicated ionic distribution. The density of states near the Fermi 
surface increases by a factor of about two compared to that of free electrons. The energy 
spectrum seems to characterize a liquid metal from others to some extent as it does a solid. 
Qualitative feature of several electronic properties is discussed in relation to the ionic density 
correlation, i.e. the structure factor of neutron diffraction of a liquid metal. Several ex
perimental facts for the electronic structure in liquid metals, e.g. the soft X-ray emission 
spectrum from liquid aluminium, which are thought to be incompatible with Ziman's picture, 
are explained reasonq_bly from the viewpoint of nearly-free-electron approximation. 

The dynamical effect of the electron-ion interaction is investigated in reference to Ziman's 
plasma term scattering. The effect is shown to cause a mass shift for thermal properties 
of electrons and in the case of liquid sodium the mass shift is expected to amount to the 
same order as in the solid. 

§ 1. Introduction 

In order to give a consistent interpretation oi data of several electronic 
properties in liquid metals, Ziman1

l'
2

) has proposed a unified picture for the 
states of valence electrons in the liquid phase of polyvalent as well as of mono
valent metals. His picture is essentially the one in the nearly-free-electron 
approximation, that is, he assumes the effects of ions on an electron weak enough 
to take them into account only in the sense of the Born approximation with a 
pseudopotential. Indeed, it is well known that the Fermi surface of valence 
electrons in many of the metals seems to be reproduced in the nearly-free-electron 
approximation. This means the utility of the concept of the pseudopotential3

l'
4

) for 
the electronic states in a solid. We have no reason to assume that the cancel
lation effect of the ionic potential with a rapid increase of the kinetic energy 
of an electron near an ion in the liquid differs greatly from that in the solid. 
The orthogonalization of the electronic wave function to the filled ion-core orbits 
has local effects only near the ion under consideration. Thus, Ziman takes a 
pseudopotential as an electron-ion interaction in a liq uicl metal, and extrapolates 
arbitrarily its magnitude between values which are deduced from the knowledge 
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526 M. Watabe and M. Tanaka 

of the band structure or experimental facts in the solid phase. Taking account 
of somewhat correlated ionic spatial distribution in a liquid metal guessed from 
the structure factor of the neutron diffraction, he can explain the magnitude 
and the temperature dependence of the electrical conductivity of several liquid 
metals as well as its qualitative tendency through some series of metals. 

Ziman's discussion is one essentially for the imaginary part of the electronic 
energy level, that is, for the transition probability between the states near the 
Fermi surface. Without investigating explicitly,*l, 5l he simply assumes the free
electron energy spectrum for the whole valence electrons. It should be noted 
that his assumption is consistent for the conductivity, 6, to the second order of 
the pseudopotential because the correction of the density of states in the· trans
ition probability cancels that of the electronic mass in the final expression 
for 6.6l 

Apart from the above fortunate case, we, however, should consider explicitly 
what becomes of the energy spectrum in a liquid metal in order to interpret 
the data of experiments concerning directly the density of states or the effective 
mass. For example, Ziman cannot explain the fact that the Knight shift changes 
little at melting point in several metals. 

The electronic structure in a liquid metal just above the melting point is 
investigated by Knight, Berger and Heine7l in the so-called random local zone 
model. Edwards6l has generally examined the electronic states in a disordered 
system. He classifies the degree of disorder comparing the electronic mean 
free path, ).., with the ordering parameter, IR, and with the atomic distance, 
and guesses that the case of a real liquid metal ~ay correspond to that of 
X?> IR. He shows the qualitative tendency of distortion of the energy spectrum 
for a monovalent liquid metal. 

The aim of this note is to extend Ed wards' investigation to the cases of 
polyvalent as well as of monovalent metals. We shall show that the spectrum 
reflects more or less the complicated feature of the. ionic distribution, i.e. of 
the structure factor. Therefore the spectrum may be expected to differ from 
the free-electron-like one in some cases. If the distortion of the spectrum occurs 
near the Fermi surface, the electronic properties deviate more or less from those 
of the. free electron system. 

In § 2, we briefly formulate the problem in the nearly-free-electron approxi
mation. In § 3, we investigate some cases of monovalent metals. Although 
the quantitative discussion requires the knowledge of a realistic pseudopotential, 
it will be shown that Ziman's free-electron spectrum assumption is reasonable 
for these cases. In § 4, the case of polyvalent metals will be examined. The 

*l Phariseau and Ziman investigate the applicability of the Kohn-Rostoker method to the 
electronic states in a liquid metal recently. The method may be powerful for the cases of the 
strong electron-ion interaction. 
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A Note on the Electronic States in Liquid Metals 527 

energy spectrum is distorted appreciably because the structure factor is rather 
complicated in this case, so that Ziman's assumption seems to be unrea
sonable. In principle, the deviation of the spectrum reflects on the data of 
the spin paramagnetism or the intensity of soft X-ray emission of a liquid metal. 
Hall effect might become complicated. The Fermi momentum deduced from 
the data of the positron annihilation might differ slightly from the free-electron 
value. We shall discuss various possibilities briefly there on the basis of a 
simple model. 

For a certain metal, the dynamical effect ·of the electron-ion interaction· is 
essential to interpret the difference between the band-mass and the effective mass 
deduced from, for example, the specific heats.8

),
9

) In § 5, it will be shown that 
the dynamical aspect of the electron-ion interaction in a liquid metal causes the 
mass shift for the electrons on the Fermi surface to the same order as in a 
solid. The effect is the same as Ziman's plasma term effect on the resistivity 

· and therefore might be important for some of monovalent metals. 

§ 2. Formalism 

In order to realize how the energy spectrum in a liquid metal differs from 

that in a solid, it is convenient to construct one electron Green's function in 
an appropriate approximation for the problem and to find its poles as a function 
of the wave vector k. The mean free path of electrons in some of liquid metals 
is really so long that we may take the nearly-free-electron approximation for 
the electron system. Edwards suggests that in such a case the effect of ionic 
spatial correlation on the electronic states should be considered properly with 
the second moment of the ionic density correlation, Jl(K) =<N-2~ exp{iK(Ri 

i,j 

- Ri)} \v, where 1V is the total number of IOns. We define one electron Green's 
function as 

(1) 

where r;;1,. = h2k2/2m, and, the self-energy part is written in the nearly-free-electron 
approximation as 

. J2 r IU(K) i 2 <~v- 2 ~exp{iK(Ri-R.j)} )av 
Z (k, () = -----3- 1 dK- ... . · · · . - . 

(27C) .; (- f;k+I£ + ZO 
(2) 

Here, U(K) is the pseudopotential and J2 is the total volume of the system. 
The energy spectrum E(k) is given as a solution of the following equation, 

E(k) = r;;k +ReS (k, E(k)). (3) 

As is easily seen from (2), Eq. (3) gives the spectrum in the solid phase cor
rectly with the energy gap in the nearly-free-electron approximation. The im-
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528 M.· Watabe and M. Tanaka 

aginary part of (2) gives level-width to the solution of (3), which is practically 
negligible for the cases of estimated long mean free path.l) 

For simplicity we write (3) reducing all quantities in units of cp, and kF, 
the Fermi energy and momentum, of the free-electron system of the density. 
corresponding to the liquid metal under·. consideration, but use the same letters 
E(k), k, etc., for the reduced arguments in the following except where this leads 
to confusion. We assume the pseudopotential U(K) as well as the second 
moment of the ionic density correlation in the numerator of (2) to be isotropic, 
and integrate (2) with the angle between k and K. .We obtain the real part 
of Z(k, () as 

OJ 

1 J'' KdKI !!_(![.) 1

2 

zNcll(K)ln I (- (2-~-kY I (4) 
k 0 Cp j (- (2K + kY ' 

where K = /K//2kF, and z is the valency. Equation (4) is the same as Edwards' 
derived under his assumption of the " geometric condition ". In the examples 
in this and. the following sections, we substitute experimental values of the 
structure factor into {Nell (K)}, partly because we cannot calculate the moment 
theoretically for a real liquid metal in this stage of information, and partly 
because the experimental values contain the whole information of the ion-ion 
correlation needful for our approximation from the viewpoint of pseudopotential 
formalism. We solve numerically (3) for a given k to obtain E(k). As a result 
of the integration with angle, the energy gap in the solid phase disappears. 
However the resultant weak logarithmic singularity in the integrand of (4) plays 
an important role in determining E(k). For given !? and (, the logarithmic 
term in the integrand has singularities at K's which satisfy (2K ± kY = (, and 
if one of these K's coincides with K where {;.V_}l (K)} has a peak, the real 
part of Z(k, () has a larger value than otherwise. Thus, for a given k, 
ReZ(k, () is not monotonic with ( and this means that the solution of (3), 
E(k), reflects to some extent the complicated feature of {1Vcll (k)}. 

The density of states, N(E), should be determined generally as 

N(E) =~ :E{G*(k, E) -G(k, E)} 
2nz k 

=_1_:E Im 1/(k, E) .. 
n k {E-sk-Rei(k, E)} 2 + {Imi(lc, E)} 2 

If we neglect the imaginary part of I(k, E), Eq. (5) is reduced to 

N(E) =2:EZ(k)o(E-E(k)), 
k 

where the renormalization factor Z(k) is defined as 

z-1 (k) =1- [ () Re!ik, () l=E(k)· 

(5) 

(6) 
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A Note. on the Electronic States in Liquid Metals 529 

We shall estimate .lv(E) roughly using the obtained E(k) from (3) and ( 4). 

§ 3. Energy spectrum in a monovalent liquid metal 

At first, we consider some cases of monovalent (alkali) metals. It. is an 
important problem in these cases to give a plausible expression for the pseudo
potential, U (K), for the whole range of K. At least, U (K) should reproduce 
not only the magnitude of the energy gaps in the solid phase at the symmetry 
points in the :first Brillouin zone of the b.c.c. lattice, but also the· order of levels 
there.10

) We take the following form as one of the simplest expression for the 
U (K) in an alkali metal. 

E(k)- E(O) /cp 

2.0-

1.5 

1.0 

0.5 

o ( N) 4nze
2 

U (K) =- ,-jf -------y{2~ cos aK, (7) 

where the suffix 0 means the neglect of 
correlation effects of valence electrons. 
The part, cos aK comes from the 
assumption that the pseudopotential 
may be taken as zero in the core region 
with the radius a due to the cancellation 
effect and as purely Coulombic one 
outside. 11

l The effective core radius a 

takes a value with which U(K) at 
K = 2.28kp gives the half of the gap at 
N calculated in the OPW method as 
well as its sign. This cosine term is 
essential for the case of sodium because 
the gap is smaller than one with a 
pure Coulombic potential and the order 
of levels at N is reversed. U (K) is 
obtained as the screened U 0 (K) by the 
valence electrons.12

l 

Fig. 1. Energy spectrum in liquid rubidium. Now for the case of liquid sodium, 
the term, cos aK makes U(K) negligible 
near K = 2kp, and the product I U (K) 1

2 

X {NJL (K)} becomes very small in the 

This figure is drawn with the screened 
Coulomb interaction with r 8 =5.18 for 
the pseudopotential. Curve (I); E(k), 

curve (II); k2, free spectrum. For k;;;:::2.0, 
the curve E(k) approaches the free spec- whole range of the integration. There-
trum without the shift E(O). fore E(k) is essentially the unperturbed 

spectrum,· k2
• The effect of the electron-ion interaction gives only a small shift 

in E(k), which is practically constant with k and amounts to only a few percent 
of the Fermi energy as maximum at k = 0. 

As an example of heavier alkali metals, we show E(k) for liquid rubidium 
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.530 M. ~Vat abe and M. Tan a!?a 

in Fig. 1. In the heavy alkali metal with relatively small wn-core, the term, 
cos aK is not important, so that we take U(K) simply as 

( 
ar ) 1 ---- _s_- ---- ------- -- ' 

n K 2
+1Cc

2 
(8) 

where a= (4/9nY13, 1Cc
2 =ars/n; the reduced Thomas-Fermi screening constant, 

and K = IKI/2/~F- Figure 1 is drawn with the value r 8 = 5.18 for liquid rubidium, 
neglecting the small change of the density on melting. \Ve take the experimental 
value for {Nell (K)} from the structure factor of the neutron diffraction of 
Gingrich and Heaton.13

) 

In this case the pseudopotential is not small at K ~1 compared with the 
Fermi energy and therefore the contribution from I U(K) 1

2 {Nell (K)} near the 
first peak in {IV ell (K)} is not negligible, causing a small hump in E(k) near 
k=IKI/2kF at the peak of {Nell(K)}. Although the magnitude of this hump 
reflects a detailed feature of a more realistic pseudopotential than (8), the cor-· 
rection of the density of states at the Fermi surface may be expected to amount 
to only a few percent even in the cases of heavier alkali metals which have 
rather large energy gaps in the solid phase. 

Concluding this section, we may say that Ziman's free electron assumption 
seems to be reasonable for the cases of alkali metals, and that it seems to be 
permissible to take the free electron values for the density of states, the electronic 
mass, etc., as far as we neglect the dynamical effect of the electron-ion inter
action. 

§ 4 .. Energy spectrum and density of states 
in a polyvalent metal 

As an example of polyvalent liquid metals, we examine the E(k) of the 
liquid zinc. It is thought that the nearly-free-electron approximation is appropriate 

· for the solid zinc. Harrison14
) has examined the electronic as well as the atomic 

properties of zinc from the pseudopotential point of view, and given an expres
sion for the effective electron-ion interaction. However, his expression for the 
interaction seems to be simple only for the matrix elements between the electronic 
states on the :Fermi surface, but complicated otherwise. We need to know U(K) 
for the whole range of K in (4). For qualitative discussion, we simply sub
stitute the screened Coulomb interaction (8) with rs = 2.30 neglecting again 
the change of the density on melting, and the data of Gamertsfelder15

) of the 
X-ray diffraction into {N '-jl (K)} . 

From the data of Gamertsfelder, {Nell(K)} has three peaks near K( IKI 
-+ 2kF) = 1. The first of them at K = 0.5 is small and not so sharp, but causes· 
the deviation of E(k) from k2 near k = 0.5. The second, very sharp at K = 0.95, 
results in an anomalous feature of E(k) very near k = 1, i.e. near the Fermi 
surface of the unperturbed system. The third seems to have negligible effect 
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A Note on the Electronic States zn Liquid Metals 531 

0 0.5 
0 

k=0.50 

0.75 0.90 

Re l'(k, 0/sF 

Fig. 2. Examples of numerical solution for (3) for the case of liquid zinc. 
For given k's, the real part of self-energy .is plotted as a function 
of C. The value at each cross with the straight line, C -k2, gives 
E(k). The renormalization factor, Z(k) is estimated with the de
rivative of the curve at the cross. 

E(k)- E(O)/sp 

Fig. 3. Energy spectrum in liquid zinc. 
This figure is drawn with the screened 
Coulomb interaction with r 8 =2.30 for 
the pseudopotential. Curve (I); E(k), 

curve (II), k2, free spectrum. For k?::-1.5, 
the curve E(k) approaches the free
spectrum without the shift E(O). 

on E (k), because the potential part 
I U(K) 1

2 is very small near K at the 
peak. The (-dependence of Re J:(k, () 

for several given k's is shown in Fig. 
2, and the value of ( at each cross 
with the straight line, ( - P, gives the 
solution of (3) for the k. The spec
trum E(k) obtained is shown in Fig. 3. 

In contrast with the cases of alkali 
metals, the structure factors of poly
valent liquid metals show complicated 
dependence on K between 0 and 1 
having several peaks. The main peak 
near K = 1 always causes the· deviation 
of the energy spectrum from the free
electron-like one near the Fermi sur
face. In the case of large distortion, 
Ziman's simple picture fails, and there
fore the energy spectrum characterize a 
liquid metal from others as it does a 
solid. 

In Fig. 4, we show the qualitative 
feature of N(E) for liquid zinc estimat
ing from (6) with E(k) in Fig. 3. 
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";:;--------'------L.,;-~-------'-----=-E/s~. 
1.0 

Fig. 4. Density of states in liquid zinc. 
Curve N(E) is deduced from the derivative of the 
spectrum in Fig. 3, being taken into account the 
renormalization factor Z(k) from Fig. 2. This figure 
shows semi-quantitatively the behaViour of the valence 
electrons in liquid zinc. 

The renormalization factor, Z(k), is estimated from the derivative of Re.S(k, () 
at each cross in Fig. 2. We average the values of N(E) in the interval of 
the energy of the order of kBT at the melting point. The curve of lv(E) 
deviates greatly near E = 1, i.e. near the Fermi energy of the unperturbed 
system. As a rough estimation, the density of states there is about two times 

· that of free electrons, N° (E). 
From the feature of N(E) in Fig. 4, we may guess some qualitative aspects 

of the electronic properties in a polyvalent liquid metal. In a polyvalent case, 
the density of states differs to some extent from that of free electrons and this 
discrepancy should be considered seriously in some cases for the quantitative 
interpretation of data. Usually, the subpeak in the structure factor makes N(E) 
larger than N°(E) somewhere between E=O and 1, so that the Fermi energy 
might become smaller on melting than the free ele.ctron value. The distortion 
of N(E) or the decrease of EP reflects on the spectrum of soft X-ray emission, 
if they are appreciable without being masked by the E-dependence of the matrix 
element of transition. For an example, we explain the soft X-ray L23 emission 
spectrum from liquid aluminium measured by Catterall and Trotter. 26

) The charac
teristic feature of the density of states in liquid aluminium is expected to be 
the same as N(E) in Fig. 4. Catterall and Trotter take the sharp peak at the 
higher energy edge of the spectrum as the result of zone overlap and conclude . 
that the random local zone model is more plausible than Ziman's nearly-free
electron picture for liquid aluminium. However, the Fermi surface of valence 
electrons in liquid aluminium is expected to lie near the narrow peak of the 
density of states just as in Fig. 4, and therefore the existence of the sharp peak 
at the edge of the spectrum is expected reasonably in our approximation, too. 
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it .. Vote on the Electronic States in Liquid A1eta1s 533 

The disappearance of kinks in the spectrum due to zone overlap in the solid 
phase is natural because the energy gaps disappear in the liquid phase. The 
overall wave-length dependence of the spectrum resembles very much the E
dependence of N(E) in Fig; 4. Although they do not seem to be able to explain 
a slight decrease in the overall bandwidth reasonably, vve consider it as the 
result of a slight decrease of the Fermi energy as shown in Fig. 4. The Fermi 
energy in the solid phase is very close to the free electron value of. r8 = 2.07. 
Thus we can explain their result of rneasurement reasonably in our nearly-free-

. electron picture. 
The momentum distribution of electron in a liquid metal is examined with 

the positron annihilation experiments.16
) In our approximation, the Fermi mo

mentum is exactly the free electron value, because the Fermi surface is isotropic. 
However, if EF lies in the range where N(E) deviates greatly from .1V0 (E), the 
Fermi surface is blurred and the experimental curve of the angular distribution 
of photon coincidences becomes complicated near the angle corresponding to 
the Fermi momentum. In such a case the angular distribution curve may de
viate from the parabola. \7\f e do not discuss the problem further because we 
have neglected the imaginary part of the self-energy part. In the case where 
the structure factor lacks a subpeak or is small inside the main peak, the Fermi 
energy does not change or may become slightly larger than the free-electron 
value. If EF lies in the range of E where .~.V(E) is greatly distorted as in Fig. 

11, the electrons excited above the Fermi surface have large negative mass, which 
more or less causes the deviation· of data of the liall effect from that of free 
electrons. The spin paramagnetism, if experimentally detectable, is the most 
favorable quantity to know what extent 1V(E) is distorted to in a liquid metal.*) 

To interpret the Knight shift in Ziman's scheme requires more detailed 
calculation of N(E) on the basis of a realistic pseudopotential as vvell as of 
the average of the wave function on the Fermi surface. 

~ 5. Dynamical effect of electron-ion interaction 

Recently, Ham17
) has shown that the energy spectrum near the Fermi surface 

in solid sodium is completely the free-electron-like one with the effective mass 
equal to the free one, while measurements of the electronic component of the 
low temperature specific heats give the value of m* = 1.27.18

) Nakajima and 
Watabe9

) have obtained theoretically a reasonable value of the effective mass, 
which should be compared with the above thermal mass, considering the ely-

*) Strictly speakiU:g, the detectable quantity from the spin paramagnetism is the naive density 
of states, determined solely from (dE(k)/dk)-1, that is, the expression (6) but without the renormali
zation factor Z(k). The distortion of (dE(k)/dk)-1 near the Fermi surface, however, amounts to 
the same order as that of N(E) in Fig. 4. 
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namical effects of the electron ion interaction, i.e. the electron-phonon interaction. 
The dynamical aspect of the interaction is important also for liquid sodium 

as follows. Ziman's "plasma term" interaction for liquid sodium corresponds 
to the scattering of electrons by the ionic oscillation of the long wave length. 
The plasma term plays an essential role in the scattering probability, the im
aginary part of (2), in Ziman's theory, and therefore should have an important 
contribution to the real part, too. 

Generalizing (2) to include the dynamical effect of the interaction to the 
second order, we write the self-energy part of one electron Green's function as 

Here, f(c.k) is the Fermi distribution function of electrons and N(w) is the 
Planck distribution of the ionic motion with the frequency w. The spectral 
density of Green's function for the ionic motion at the finite temperature of the 
system IS defined as 

aJ 

I(K, w) = f <[P-H (t)' p K(O) J )eirot dt. (10) 

Here, PK=N-1 ~exp(iKRJ, and PK(t) is its Heisenberg representation with 
the total Hamiltonian of the system. The square bracket means the commutator 
and the angular one the average at the thermal equilibrium of the system. As 
is well known, J(K, w) is connected to the Fourier component, S(K, w), of Van 
Hove's pair distribution function, G(r, tY9

> as follows. 

I(K, w) = j; [e-.812"'-1]8( -K, -w). (11) 

Although several authors have studied theoretically the pair distribution 
function in a liquid system, we have no expression for S (K, w) applicable to a 
real liquid metaJ.2°l We can guess some characters of the S(K, w) from the 
intensity of inelastic scattering of cold neutrons by a liquid metal. 21

) . We find 
from the data that there are two types of the ionic motion above the melting 
point. One of these is the diffusion of ions, perhaps as a semimacroscopic ag
gregation, and the characteristic frequency of this mode which is estimated from 
the half-width of the central elastic peak seems too small to have any effect on 
the electronic transport properties. 

*l The expression (9) is quite general as long as we take the second order approximation 
with a simplified electron-ion interaction, and may apply to several problems with slight modifica

tion. 
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.11 Note on the Electronic States in Liquid Metals 535. 

The intensity of inelastic scattering at several directions shows a hump at 
the energy of the scattered neutrons of the order of !?B T. This means the 
existence of another mode of the ionic motion which has the mean energy 
comparable to kBT. Because the intensity spectrum at this hump differs little 
from that due to the neutron-phonon interaction in the solid phase, it is natural 
to consider that the collective ionic oscillation, at least the longitudinal one, 
remains still alive in a liquid metal. Thus the contribution to the density of 
states or to the effective mass from this " phonon " mode is important in the 
same sense as for a solid metal. In the following we show briefly that the 
effect causes the mass shift for electrons on the Fermi surface in liquid sodium 
to the same order as in solid. 

Assuming simply the Debye model for the "phonon" mode in liquid sodium, 
we approximate I(l(, w), considering only inelastic parts, as 

where w1(=c1;qK, and cliq is the sound velocity in liquid sodium. 22),*) The 
product of l U(K) [2 and I(K) means the effective electron-" phonon" interaction 
and gives the magnitude of Migdal's non-dimensional coupling constant/3> A1iq 

in liquid sodium. With this simplification, Eq. (9) reduces to (2 · 7) in reference 
9), and we may estimate the effect just as done there. Taking the derivative 
of the real part of (9) with ( at the Fermi surface, ( = cp, we carry out the 

. integration with the wave number of "phonons " K from 0 to an arbitrary 
cutoff, Kmax, which may be comparable to the Debye cut in solid sodium. Finally 
we expand [8 Re J:(k, ()/8(] 1=sr to the first order of the ratio of the sound 
velocity Cliq to the Fermi velocity ·v p, and obtain the following expression for 
the mass shift of the valence electrons on the Fermi surface : 

m* = nz [1 + A!iqf( 6 /T)]. (12) 

Here, kBB = flcliqKrnax, and, with the assumption of high temperature, B<T, 

f(x)= ~ [xlnl ~!~I+~ lnl1-x
2
[+1]. (13) 

Because the sharpness of the Fermi surface reduces at high temperature 
and only electrons in the range of energy kBB near the Fermi surface are affected 
by the dynamical effect, the mass shift decreases with temperature through 
f(B/T), which brings the factor (6/TY for T?:>B, and approaches the free 
mass.**> We know little about characteristic quantities such as the electron-

*l The sound velocity in several liquid metals is measured by, for example, Kleppa, and is 
in good agreement with theoretically estimated values by T. Staver (Thesis for Ph. D. of Princeton 
University, 1952) on the basis of two component plasma model for metals. 

**l The coupling constant, A, in the discussion of the high temperature conductivity in reference 
9) should be considered to appear with the same factor as in (12). 
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"phonon" interaction, the cutoff wave number, etc., but estimate (12) substituting 
arbitrarily the following values: c9=150°K (~Bn for solid sodium), T=400°K 
(just above the melting point). Then, 

m* = m [1 + 0.6AHq]. (14) 

The coupling constant, AHq, should be determined in principle from the pseudo
potential, but here we assume simply that Auq is the same order as il. = 0.3 for 
solid sodium. Then we obtain the mass shift of about 20 % on the Fermi surface. 

It should be noted, however, that the above mass shift concerns only thermal 
properties of electrons, and that the effect of dynamical electron-ion interaction 
need not be considered for the electrical conductivity,9

l the spin paramagnetism,8
l 

the Knight shife4
) and the nuclear spin relaxation.25

) The mass shift due to 
the effect is canceled by the renormalization of wave functions, and the density 
of states ( 6) remains unchanged. 
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