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In a preceding paper by one of us a representation for spin-1 Bargmann-Wigner functions 
in terms of two Dirac functions is given. In the present work we introduce the basic ele
ments of the Bargmann-Wigner formalism which will be needed for the construction of a 
similar representation. A representation for spin-2 Bargmann-Wigner functions is obtained. 

'§ 1. Introducti(,)n 

Bargmann and Wigner1
), *) have found all the possible relativistic equations 

for elementary systems with a given spin and mass through group-theoretical 
considerations. There are many other well-known formalisms which, as may be 
shown, are equivalent to the BW one (e.g. the Proca2

) and Belinfante3
) for

malisms for spin 1) . 
The BW formalism offers among others the following advantages: a) its 

manifest Lorentz covariance, b) the fact that only the well-known rv Dirac 
matrices are used, so that no singular matrices are present as often happens in 
some other formalisms (e.g. Kemmer's4> for spin 1 and 0). However, due to 
the manifest Lorentz covariance requirements, the BW functions involve redun
dant components. 

In spite of this difficulty, the paper by Salam, Delbourgo and_ Strathdee,5> 
where the relativistic generalization of the U (6) symmetry group is treated, has 
increased the interest in the BW formalism. The formalism is used in this work 
to assure that particles with a well-defined mass and spin are being described. 

The BW formalism has been used by one of us**> to obtain (in c-number 
1 

theory) a representation for functions ¢, describing spin-1 elementary systems, 
in terms of two V/t, V/" spin-1/2 functions (see the notation in the following 

l 

section). It was there stated that, given an. arbitrary BW ¢ function, it was 
possible to :find BvV V} and i/f'' functions such that we could write 

*> Hereafter quoted as BW. 
**>.A. ]. Kalnay, Thesis (1963); Facultad de Ciencias Exactas y Naturales-Universidad de Buenos 

Aires-Argentina. Hereafter quoted as T. 
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628 J. . C. Gallardo, A. J. Kalnay and S. H. Risemberg 

(1) 

and reciprocally. Here, J.j J2;n is a normalization constant, while c = +, - (in 

spite of the appearance of the time variable in the second member of (1), it 
can be shown that it is independent of x 0

). 

The main task of the present paper is to obtain a similar representation 

for spin-2 BW functions in terms of spin-1 BW functions (see Eq. (32)). 

These are the first steps in a search for such a type of representation, which 

however may be more complicated, for the "elementary'' particle quantized 

fields. These representations could then be used to find out which are the real 

elementary particles and which are the composite ones (and if elementarity is an 

absolute or relative notion). 
It is heuristically interesting, to notice that in both spin-1 and spin-2 re

presentations, we combine two fields associated with particles of mass m and 

obtain one field associated with, again, particles of mass m (Mass defect=2m 

- m = nz) . The for:tnal appearance of a mass defect leads us to think that there 

is an interaction between the component fields, as would be expected if the 

resulting field was to describe a composite particle. Owing to the fact that both 

the component and the resulting fields satisfy the BW equations for free elementary 

systems, we consider that the eventual extension of these representations to a 

second quantized theory will be more straightforward if it is done in the interac

tion picture. However, it should not be forgotten that these are only preliminary 

considerations, that such a representation in a second quantized theory has not 

yet been formulated (this is not a simple task !) and that renormalization pro

blems have not even been considered. 
De Broglie's6

) representation, which was obtained through his "methode de 

fusion" does not suggest a similar application to the problem of elementarity 

because, in his .method, two fields describing particles with mass m/2 are com

bined in order to obtain one field associated with particles of mass m (mass 

defect=O). 
Apart from these considerations about the problem of elementarity, our 

representations obviously reduce various calculations dealing with spin-2 or 

spin-1 fields to calculations referring to spin-1/2 fields. 
After the representation (1) for spin-1 functions was found and before the 

present paper, Berg7
) obtained a somewhat similar representation; a covariant 

formalism with no redundant components was developed, but (as we· should 

expect) the formalism was not manifestly covari~nt. His explanation of the 

mass defect is that it is due to a modification in the momentum scale . 

. § 2. The BW equations for spin two and finite mass particles 
---I-Iamiltonian form of BW equations--

Notation: We will systematically use boldface characters when we refer to 
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Construction of a Rep1~esentation for Spin-2 Bargmann-Wigner Functions 629 

elements in the B'VV formalism for spin 2 ; lightface characters with a 1 or 1/2 

superscript will refer to the elements in the BW formalism for spin 1 or 1/2 

respectively. 
For spin 2 and a finite mass the BW functions in the "p" representation 

are Vi
1

i 2 i 1i 4 (p) ; the spin variables i~c can take the values i~c = 1, 2, 3, 4 (k = 1, 2, 

3, 4). 
Let P<1l be a 4 X 4 matrix ; then P(1)1.fr will indicate, as usual the following 

operation: 

(2) 

A similar convention will hold for the action of P<2>, P<3l and P<4l on "fr'. 
Any two matrices with a different spinorial index will commute and Dirac's 

matrices will satisfy the following commutation rules : 

(3) 

(4) 

where I(i)' stands for a 4 X 4 unit matrix. vVe will use a metric tensor having 

th 1 00 1 ilc ~ e va ues g = , g = - uik. 

The wave functions which describe the possible states of a spin-2 system 

will be completely symmetric functions of the spinorial variables which satisfy 

the following four equations (B\V equations): 

P,J('ll y=m'fr, 

P#r~~) V' = rn:tfr , 

P#n~) 'o/'=m"fr, 

P#n~) "fr=m"fr. 

(5a) 

(5b) 

(5c) 

(5d) 

It is easily shown that if a wave function satisfies the above mentioned symmetry 

condition and any of Eqs. (5), it will automatically satisfy the remaining 

equations of the set; the four-equation system is therefore reduced to just 

one of them, for example Eq. (5a). 
Now, following the well-known procedure used to reduce the manifestly 

covariant form of the Dirac equation to a Hamiltonian form8l we obtain from 

(5a) 

(6) 

~ 3. The initial condition satisfied by BW functions for spin 2 

Let V\ 1 i 2 i .i4 be a symmetric function of the spinorial variables ; h can be 

easily shown that if the following property holds : 
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630 J. C. Gallardo, A. J. Kalnay and S. H. Risemberg 

[M(l)"fr J i 1i2i3i4, = [M(l)Y J t2i 1i 3i4, = [Mo)"fr J i 3i 2i 1i4, = [Mcl)"fr] i 4 i 2 i 3i 1 , (7) 

then it is true that 

M(l) "fr=Mc2) "fr=Mcs) 'o/'=Mc4) "f1'. (8) 

In the same way as for (6) we obtain 

(k = 1, 2, 3, 4). (9) 

If -we note that the property (7) holds for i80"fr, then the symmetry properties 
of the wave functions lead us to the relation 

(10) 

This is not an equation describing the development of the system with time 
because Hck) does not contain any time derivatives ; it is an initial condition, 
because it is satisfied by "f1' (.X, t) for any fixed "t" (as a particular case, for 

""'(.X, 0)). 
We want to emphasize the significance of the initial condition in the BW 

formalism because it will allow us to show that the dimension of the solution 
manifold of (10) for a fixed momentum is the one we expect from purely phy
sical reasoning. 

§ 4. The ESlln and V spaces 

In th,e same way as was done in the spin-1 formalism (T, § 2c) we want 
now to specify the vector spaces to which our spin-2 function will belong. 

First of all the above mentioned symmetry requirements lead us to define 
a certain vector space (from now on called the E"lm space) so that any func
tion of ]5 symmetric in the four spinorial variables is in Esun. We now take 
out of E"lm those functions which satisfy our initial condition and will indicate 
by V the vector sub-space to which they belong. -

In order to consider only the discrete dimension of E"lm and V we will 
now fix the continuous variable and call E:~m and Vsp the corresponding sub
spaces we obtain in this way; it should be noticed tha't in spite of having fixed 
]5, the plus or minus sign in p 0 = ± v]52 + -1n2 is free. An easy calculation will 
prove that the dimension of E:~m is 35. It will be shown later that the dimension 
of V"P is io as we should expect. Fo~, neutral particles are excluded from our 
treatment of the formalism because no reality condition has been imposed; besides, 
both charge signs are allowed owing to the fact that we deal with both shells 
of the hyperboloid. Therefore, considering that one of the spin components 
can take 5 values, the set of discrete variables can take 2 X 5 = 10 values. 

\Ve want now to find a basis for our V space and at the same time to deter
mine its dimension. To this end we introduce the following ten spinors: 

1 1 

u:1 i 2 t 3t,/r=r+s, p)=(1/v2m) ~ (rs!r) U~1t2 (r, ]5)Uf~-~4 (s, p), (11) 
r,s 
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Construction of a Representation for Spin-2 Bargmann-Wigner Functions 631 

where (T, § 4b) 

i 1/2 1/2 

u:~c(l=m+n, ]5) = (1/ v2m) ~ <mnll) U/(nz]5)U~c8 (np) (12) 
1n,n 

The symbols <rslr) and <mnll) stand for the Clebsch-Gordan coefficients <1, 1, 
r, sl1, 1, 2, r) and <1/2, 1/2, m,nl1/2, 1/2, 1l,) respectively; l, r, s=1, 0, -1; m, 
n= -1/2, 1/2; r=2, 1, 0, -1, -2. 

Let us now define a linear symmetrizer operator (from now on called P), 
such that when applied to a function with four spinorial variables it will sym
metrize this function with respect to any permutation between the spinorial 
variables. If w~ introduce 

1 1 

w:1~2~ 31Jr, s, ]5) =P[U:112 (r, ]5) U~3t4 (s, ]5)] , (13) 

,then it is shown in the Appendix that for any r = r+ s there will always be a 
certain number L such that the following relation will hold: 

W
8 (r, s, ]5) =L u/ (r, ]5) . (14) 

The preceding relation is a useful test to verify that spmors u 8 as defined by 
Eq. (11) belong to ESlln. 

We now recall that a necessary and sufficient condition for a certain E:~m 
function to belong to vsp was that it should satisfy the initial condition (10). 

1/2 

If we consider that the spinors U 8 satisfy the following relation :8
l 

1/2 1/2 1/2 

H U 8 (m, ]5) =cEp us (m, ]5), (15) 

with EP = + )p2 +m2 , then it is a matter of simple calculation to prove that 
spinors U

8 (r' ]5) belong to vsp. To this end it should be remembered that spinors 
1/2 ' 

u 8 (r, p) are in every case linear combinations of U 8 spinor products with the 
same energy sign. Considering that spinors u 8 have been built in such a 
way that they are linearly independent, it only remains to prove that there are 
no other spinors linearly independent of u 8

; we will then have proved that they 
are a basis for the V space. 

As can be seen from (14), 
the same sign and belongs to 
elude that if some combination 

1 

1 

any bi-linear combination of U 8 which preserves 
V is contained in our definition (1~). V\Te con
linearly independent of (11) is to exist, it must 

include U 8 spinors not preserving the same sign and therefore it will not satisfy 
our initial condition (10). 

In this way we have found a ten-spinor V space basis. Now it can be 
shown that in our case the plane wave expansiOn reads as usual 

'o/' (x, t) = 'o/+ (x, t) + v-- (x, t) , (16) 

where 
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632 J. C. Gallardo, A. J. Kalnay and S. H. Risemberg 

,.ys (x, t) = (27C) -s;2 ~ ( f-P as (rp) us (rp) exp [- sipoxo + ip · x]. (17) 
'~' J V 2po 

§ 5. Construction of a representation for BW functions 

--Direct and inverse theorem--

1 1 

Let 1/J's and 1/J"s be any two arbitrary solutions of the spin-1 BW equations, 

both of them preserving the same frequency sign. We now introduce 

(18) 

which will be used in the demonstration of the following Lemma; this Lemma 

is a useful tool for the construction of the representation we are looking for. 

Lemma: Let n = 1, 2, 3, 4 ; then for any n the following relation will hold 

. a f' l'iJIS ( 0) l'ill8 ( 0) l- r(n)ll!l Z, X. =mll!l z, X . 

oz'" 
(19) 

We will omit the demonstration for n = 1, 2 because m these cases it IS 
1 1 

only necessary to consider that ¢'13 and qJ 811 satisfy the spin-1 BW equations. 

In order to prove the Lemma for n = 3 let us define 

and 

A 8 (z, x 0
) = [ i _§__ r~~>- m]@F (z, x 0

) 

oz'" 

and show that 

A 8 (z, x 0
) = -i ~o ns (z, x 0

). 

ox 
From the definition (18) it follows that 

A S(. 0) · ( d3 { 0 ,J,IS( ) f.' • 0 11.1113( )} l'iJI ( 0) 
Z, X =z j X Oz;'f' z-x r(3)lfy--;0·'f' X -mll!lc z, X , 

which can also be written 

. )d3 Jn; ( ) a " . a 11.1113 ( ) l'iJIS ( 0) + l X 'f' Z- X - r (3)l · -· 'f' X - mll!l z, X. 
ox'" OX0 

(20) 

(21) 

(22) 

(23) 

1 
d 

1
" 1 d h h If we now consider that ¢' 13 an ¢ "13 are spin-1 BW . so utions an t at t e 

surface integrals vanish owing to the usual boundary conditions, we find that 
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Construction of a Representation for Spin-2 Bargmann-Wigner Functions 633 

s ( o) · f) ) s· 
1
te ( ) o · f) 

1 
11e ( ) A z' X = -z ·- d X cjJ z- X r (3) l --- ¢ X 

OX0 OX0 
(24) 

. f) 
which proves our relation (22). Now it can be seen that- B-O; for, using 

OX0 

1 
the plane wave expansion for <f./, Dirac a-functions will appear which cancel 
out the dependence on x 0

; therefore, if we take account of (20), it is true 
that 

· f) '" l'iliC ( o) f.Jie ( o) z ;:;------r<s)~ z, x =1nl!!l z, x 
uz"' 

q.e.d. 

The proof for n = 4 follows steps similar to that for n = 3. 

Direct Theorem : Let 

where N is a normalization constant; then: 

(25) 

a) 0 8 (z, x 0
) (as a function of z) satisfies the spin-2 BW equations. 

b) 0 8 (z, x 0
) does not depend on x 0

, and therefore (/) 8 can be written as 

'l/J' 8 (z). 
Proof: Since 0 8 (z, x 0

) is a symmetric function of the spin variables, and since, 
using the Lemma, we can prove that 0 13 (z, x 0

) satisfies any of the spin-2 BW 
equations (5), then it follows that the first part of the theorem is tru~. 

In the same way as was mentioned before, using the plane wave expansion 
1 1 

for ¢'13 and ¢" 13 we obtain the expression 

0~1i2i3i4 (z, X
0

) = c (N /2) z....:/ d 3p a' 13 (rp) a" 8 (sp) 
r, s J 

1 1 

X P[Uf1 i 2 (rp) Ut;4 (sp)] exp [- -cipozo0 + ip · z] 

and therefore we prove that · 

_!!_ (/) 13 (z x 0
) = 0 · 

OX0 
' ' 

which is the second part of theorem. 

(26) 

(27) 

Inverse Theorem : Let 'l/J' 13 (z) be any solution of the spin-2 BW equations ; then 
a f]) 13 (z, x 0

) can be found such that 

V'c (z) =f])s (z, xo) 

or according to definition (26) 

"f1' 13 (z) =N P ®8 (z, x 0
). 

(28) 

(29) 

Proof: Let us write the plane wave expansion, which as we recall from (17) 
reads 
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634 J. C. Gallardoy A. J. F;alnay and S. H. Risemberg 

If we· start from the expression (26) then it can be shown that using relation 
(13) (see the Appendix), (fl' (z, x 0

) can be written as 

with 

2bc ( ± 2, ]5) I (2n) 312 J2p0 eN= 4! (2m) 1/
2 an ( ± 1, ]5) a"c ( ± 1, ]5), 

2bc ( ± 1, ]5) I (2n) 3;
2 V2p0 eN= 12v2 (2m) 1;

2 

X [a'c ( ± 1, ]5) a"c (0, ]5) + a'c (0, ]5) a"c ( ± 1, ]5) J, · 

2bc (O, p) I (2n) 3;
2 J2p~ eN= 4 v6 (2m) 1;

2 

X [a'c(1, p)a"c( -.1, ]5) +a'c( -1, ]5)a"8 (1, ]5)] 

+ 8 J6 (2nz) 112a 1c (0, ]5) a"c (0, ]5). (31) 

We can now equate the coefficients a(r, p) in (17) to the coefficients b(r, p) 
In (30). We will obtain the following five-equation system : 

2ac(±2, J5)1(2n) 312 J2p~ eN=4!(2m) 1
/

2 a'c(±1, ]5)a"c(±1, p), 

2ac C ± 1, p) I (2n) 312 v2io eN= 12 v2 (2nz) 112
. 

X [an ( ± 1, ]5) a"c (0, ]5) + a'c (0, ]5) a"c ( ± 1, p)], 

2ac(O, J5)1(2n) 312 J2p 0 eN=4v6 (2m) 112 

X [a'c (1, p) a"c ( -1, ]5) + a'c ( -1, ]5) a'n (1, p)] 

+8v6(2m) 112 a'c(O, p)a"c(O, ]5). (31') 

It can be shown that for any set of the coefficients ac (rp) it is always possible 
to. find coefficients a'c (rp) and a"c (sp) which satisfy the set (31 '). For the 
sake of brevity calculations leading to the preceding statement are omitted in 
this paper. 

1 1 

We have therefore verified the existence of ¢'c(z- x) and ¢"c(x) such that the 
relation (28) is satisfied. The manifestly covariant form of our representation 
reads*l 

(32) 

where 

dr5'" = ( dx1 dx2 dx3 
; dx0 dx2 dx3 

; dx0 dx 1 dx3 
; dx0 dx1 dx2

) • 

We want to recall that two fields associated with particles with mass m 

*) It should be emphasized that both theorems refer to BW functions in the "x" representation. 
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Construction of a Representation for Spin-2 Bargmann-Wigner Functions 635 

have been combined and one field describing particles with mass 1n has been 
obtained. The mass defect then leads us to the heuristic impl~cations we have 
mentioned in the Introduction. 
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Appendix 

. Let us prove that for any r =r+ s there IS a certain number L such that 

(14) 

We recall that 
1 1 

W
8 (r, s, p) =P[U8 (r, p) U 8 (s, p) J (13) 

or 
.1/2 1/2 1/2 1/2 

w 8 (r, s, ]5) =P[~<iklr)U8 (ip)U8 (kp) ~<Zmls)U8 (lp)U8 (rnp)]. (A·l) 
ik lm 

Considering that P is a linear operator which indicates that 4! permutations 
must be performed among the spin variables and that the resulting expressions 
must be added, we obtain 

w 8 (±1, ±1, p) =4!)2~n U
8 (±2, ]5), 

W
8 (±1, 0, ]5) =12v2m v2 U

8 (±1, ]5), 

W
8 

( ± 1, =f 1, p) =4)21n )6 U 8 (0, p) 

W
8 (0, ± 1, ]5) = 12v2m v2 U

8 
( ± 1, ]5)' 

W
8 (0, 0, p) = 8 J?fln )6 U

8 (0, p) q.e.d. 
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