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The theoretical exact formulas are derived which show the relations among the red-shift, 
the apparent magnitude and the number of sources with apparent magnitude smaller than a 
given one for extragalactic objects, in an anisotropic and homogeneous universe. These for
mulas will be used to measure the degree of anisotropy of our universe, if any, through 
astronomical observations. 

§ 1. Introduction and summary 

The spatial distribution of galaxies we observe at present IS isotropic and 

homogeneous to a high degree. Assuming that we can extrapolate this isotropy 

and homogeneity to the past without modification, we have so far adopted the 

world models whose space-times are described by the Robertson-Walker type 

metric. We cannot exclude, however, the other models derived in different ways 

of extrapolation. The model which describes our universe best must be selected 

by observational tests. 
Recently, some anisotropic and homogeneous models have been derived on 

the basis of general relativity.l),2),3) The aim to construct these models is to 

estimate the degree of a possible anisotropy of our universe, to consider their 
influences upon the primordial formation of elements and to take into account. 
of the primordial 'magnetic field. On the other hand, we have no strong obser

vational support for a large-scale anisotropy of the universe. Kantowski and 
Sachs2) and Thorne3) have placed the upper limits on the degree of anisotropy 
by analyzing the observational data of cluster galaxies and cosmic microwave 
radiation,4) respectively. But the anisotropy in the spatial distribution of quasi
stellar objects with large red-shifts, which have recently been reported by several 
authors,5) may show the anisotropy of the universe itself, if the quasi-stellar ob

jects are cosmological. 
In order to measure the degree of anisotropy of the universe quantitatively, 

it is necessary to derive theoretical relations among various observable quantities. 
in the world models with anisotropy. Kristian and Sachs6

) have derived such 
relations in a general Riemannian space-time. However their formulas cannot be 

applied to the obse;t;vations of objects distant enough hom us) because thei;t; for-
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Theoretical Relations among Observable Ouantities 265 

mulas have been derived in power series expansions with respect to their lumi
. nosity distance. On the other hand, the distant observations are rather important 

for the purpose of this measurement. 

In this paper we intend to derive the exact formulas for such relations in 

an anisotropic and homQgeneous universe which has two equivalent and one in
equivalent directions. In § 2 the radiation field of a point source is analyzed by 

means of the energy-momentum conservation law of the field and the formulas for 

the intensity and the apparent magnitude are derived. We follow Ro bertson's7) 

method in the case of an isotropic model, but we must introduce in the present 

case a new (angular) variable to deal with a divergent ray bundle. In § 3 the 

red-shift of spectral lines is obtained and its dependence on the direction of the 

light ray is shown, and further the number of light sources whose apparent mag

nitudes are smaller than a given one is evaluated. In § 4 we expand in power 

series the exact formulas derived in foregoing sections, eliminate an unobservable 
quantity from the series and find that our formulas are consistent with Kristian 

and Sachs' ones in power series. In § 5, as an application of our exact formulas, 

we deal with the simplest of relativistic anisotropic models and analyze numeri

cally the relations among observable quantities for various degrees of anisotropy 

within the permissible ranges which have been given by Kantowski and Sachs2
) 

and Thorne.3
) Moreover, some features of the relations are discussed in con

nection with the space-time singularities. 

§ 2. Radiation field of a point source 

Some world models which are spatially homogeneous, anisotropic and irrota
tional are specified by the metric: 

1 
sin W 

(J(W) = . W 

sh W 

for 

k = 1 (semi-closed) 

k = 0 (flat) 

k = -1 (open). 

(2 ·1) 

(2·2) 

These models have two equivalent and one inequivalent directions at each point 

in space-time. Here A (t) and W (t) are the scale factors of expansion or con
traction of the universe in wand z directions, respectively. Coordinates in the 

metric (2 ·1) . are comoving and the world lines of point sources and an observer 
are represented by constant values of spatial coordinates W, cp and z. Because 
of homogeneity we can take the origin at any point. In this section we shall 
take the origin at a point source in question. 

From the standpoint of general relativistic geometrical optics, a light path 

is expressed by a null-geodesic equation. If we write the light path as Xi 
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266 K. Tomita 

= Xi 0), *) A being an affine parameter, the null-geodesic equation IS gIven by 

dkil dJ. + r;Lkjk l = 0, (2·3) 

where 

k~=dxildJ. and kiki=O. (2 ·4) 

From Eqs. (2 ·1), (2·3) and (2·4), we obtain 

c2 (koy = A 2 (kly + (h2)2 I (.A.0")2 + (hg)2/W2, 

dk1ldJ.= -2 (AIA)kOk 1 + (h 2YIA4 x (O"'IO"g) , 

P = h21 (AO"Y, 

kg =ha/lV 2
, 

(2·5) 

(2· 6) 

(2·7) 

(2·8) 

where a dot and a dash stand for the derivatives with respect to t and W, re

spectively, and h2' h g are integration constants. Since we are concerned with 

the radiation field axisymmetric around the z axis, we may regard rp as constant, 
i.e. h2 = o. Then, from Eq. (2·6), we get 

e=hjA2, (2· 9) 

where hI is an integration constant. Accordingly, the path of light which IS 

. emitted at time tl by a point source at the 'origin is expressed as 

II 

b 

II 
a 

1 z 
b 

I 
I 
I 
I 
I 
I 
I eo 
:~ 
I 
I 
I 

______ I a 

W 

t 

W =cl} lVI (Av A2+Z2W2) dt, (2 ·10) 
t1 

t . 

z = c ~ AI (W V A 2 + l2 W 2 
) dt , (2 ·11) 

t] 

rp = const. 

Here l=hll h g is related as follows to a proper angle 
eo between the light ray and the z axis. 1£ a light 

ray passes through the two infinitesimally close 

at b' points a (Wo, zo) ~nd b (Wo + oW, Zo + oz) at times to 
Fig. 1. The proper angle 00 on and to+ot, respectively, we obtain l=A2(tO)owl 

the w-z plane. (W 2 (to)Oz) from Eqs. (2·10) and (2·11). On 

the other hand, if we take four points a' (Wo, 0), b' (Wo + oW, 0), a" (0, zo) and b" (0, 
Zo + oz) on the W-z plane (see Fig. 1), tan eo is defined by the ratio of the 
proper length (at the instant to) between a' and b' to the proper length (at the 
same instant) between a" and b". Here the~e proper lengths are given by 

A (to) oW and W(to) oz. Therefore, we have 

*) The Latin indices are used to represent 0, 1, 2 and 3. The c(;lOrdinates t, w, cp and z in the 
metric (2 ·1) are x O, xl, x 2 and x 3, respectively. 
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Theoretical Relations among Observable Quantities 267 

(2 ·12) 

that is, the proper angle ()o is a function of time to and an angular parameter l. 
Now let us consider the radiation field around the point source. Bundles 

of light rays with a null vector k i given by Eqs. (2·5), (2·7), (2·8) and (2·9) 

consist of the rays which are parallel to each other on the W-z plane, and their 
bundles cannot, therefore, represent the radiation field e~itted, divergently by 

the point source. In order to describe the divergent ray bundles, we introduce 
an angular variable ~ around the origin which is defined by 

t 

z=(/) (t, ~) =c'~ AI (W V A2 + eW2) dt, (2 ·13) 

where ~ is regarded as a constant in the integration. Comparison of Eq. (2 ·13) 
with Eq. (2 ·11) shows tihat ~ ,is constant along any light ray emitted by the 

point source at the origin and specifies the direction of the light ray. If we 

transform the coordinates t, W, q; andz into the other coordinates t, W, ?p and 

~ as 

t=t, W=W, q;=?p , z = (/) (t, ~), 

we have the metric 

ds2 = c2ew2 / (A2 + ~2 W2) d12 - A2 (dtiP + (52 (W) d?p2) 

- W2((/),~Yde-2cA WI VA2+~2W2 '(/),~dld~, 
(2 ·14) 

where A=A(t), W= W(t) and (/),~=f}(/)/f)~. The null vector k'l=dxild/J. with 
. , 

an affine. parameter /J. which satisfies the counterpart of Eq. (2·3) in the metric 

(2 ·14) is given by 

(2 ·15) 

Bundles of the light rays with these null vectors diverge from the point source, 

because Ji2 = ° and the angular variable ~ defined around the origin is constant. 
Let us consider the energy flow in the radiation field with the null vector 

(2 ·15). Since we are interested in the field at distances enormous compared 

with the wave-lengths of light, the energy-momentum tensor Eij of the field may 

be expressed as 

Here U is a scalar corresponding to the energy density. Its functional form is 
determined by the conservation law of energy and momentum of the radiation 
field, Le. Eij;j=O,*) which is r~duced to 

*) See the footnote on page 268. 
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268 K. Tomita 

(1n U),/i j + (V=-:g kj),jl v=-g = ° , (2 ·16)*) 

where v-il=A2 WO"(w)I(P,!;I. By the use of Eq. (2·15), the solution of Eq. 
(2· 16) is expressed as 

where a is constant along the light path. Now the proper density 8 of the ra
diation field is defined by a physical component EijfhUj of the energy-momentum 

tensor, for any comoving observer with ft: = dXilds = (lie, 0, 0, -AI (W V A + ~2W2 
(p,!;)) . Accordingly we have 

e= U(ii'Ui)' = VA:;:,W~ ()~~~~~'I ' (2 ·17) 

where a (h1)2 1S a function of ~ because of their, constancy along the. light ray 

emitted at the origin. The intensity ] (the proper energy flow per unit area) 

is equal to 81 e. 
In order to relate ] to the intrinsic luminosity of the point source, let. us 

consider an ideal comoving observer who is infinitesimally, close to the source 
and has coordinates W, cp and~. If the light emitted at time t1 is received by 

him at time tl + Lit (Lit is infinitesimal), we have 

(2 ·18) 

fro~ Eq. (2 ·15) . On the other hand, the proper distance D between the source 

and the close observer at the instant t1 is given by eLlt,**) and, between two in

finitesimally close points, the. proper distance is equal to the luminosity distance. 
From Eqs. (2 ·13), (2 ·17) and (2 ~ 18), therefore, the energy flow per unit solid 

angle around the source is given by 

2 _ 2 (A12+~2W12)5/2 a (fi1)2 D ] - 8D Ie = -----~~----- ~------- . 
A13W14~2 e 

(2 ·19) 

If the source emits ,light isotropically around itself, we must equate D2] to 

L(t1)/4n, L(tl) being the total intrinsic luminosity of the source at time t 1. We 

can, therefore, express a (lilY leas 

a(h)2Ie= L(tJ... _Al3~1~ 
1 4n (A/+~2W12t/2· 

(2·20) 

Inserting Eq. (2·20) into Eq. (2 ·17) and replacing t, W and ~ by t,. wand l,***) 

*) Semicolons and commas denote covariant and partial derivatives with respect to new variables 
in the metric (2· 14) . 

**) The proper distance D can be evaluated easily if we employ the metric (2·1). Because 
spatial coordinates of the close observer are given by w=(jJ in Eq. (2·18) and z=c (Ad (WI v' A t2+$2WI2)) 

X L1f, we have D= v' A12w2+ W12z2-CL1~ 
***> For comparison with formulas obtained in the next section, we employ the original coordinates 

t and w. At the observer's point? the angular variable ~ specitiei) the observed direction of light, just 
as I in Eq. (2·11). 
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Theoretical Relations among Observable Quantities 269 

we obtain the intensity 10 (measured by an observer at time to) of the light 
which propagates in the direction of l: 

10 = L (t1) A 1
3
W 1

4
l 

4n (A12+rW12)5/2 
VA02+f2W02 1 

A 03W0
2 (] (Wo) CPo 

(2·21) 

where Wo = W (to) III Eq. (2 ·10) and 

to 

CPo=c \ A WI (A2 + l2W2Y/2dt . 
t1 

The apparent magnitude, the quantity useful in astronomy, IS defined by 

m = - 2.5 log 10 + const. (2·22) 

§ 3. Spectral shift and numhercount 

(a) Spectral shift 

Because of the anisotropic expansion or contraction, the red-shift Z of the 

spectral lines depends on the direction of the light ray received by the observer. 

The red-shift Z is defined by 

where A1 and Ao are the wave-lengths at the emission time and at the reception 

time, respectively. Because Aol A1 is equal to the ratio of the invariant time 
interval oto of the observer to the corresponding interval ot1 of the source, let us 

examine the ratio ota/ot1, 

Suppose that two light pulses are emitted by a point source at the origin 

at times t1 and t1 + ot1 in the directions of land l + oZ, respectively, and are re

ceived at times to and to + ota, respectively, by an observer with constant spatial 
coordinates W, qJ and z. Here oto, ot l and ol are infinitesimal. Then from Eqs. 
(2·10) and (2·11),*) we obtain 

to 

(WI (AC) )ooto -.(WI (A C) )10t1 = - (olll) \ A WC- 3dt , 
t1 

to 

(AI (WC))ooto- (AI(WC))10t1=lol } AWC-3dt, 
t1 

where C-VA2+Z2W2. From these equations, ota/otl is derived by eliminating 
oZ. Accordingly, the red-shift Z is expressed as 

*) These equations express a light path correctly, although the null vector ki in Eqs. (2· 5) '"" 
(2·8) cannot describe the divergent ray bundle. 
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270 K. Tomita 

l+Z= {~: = (JA~+:W2)1' (-JA~~W2)0 
= J (A'ol JL52 sin2 (jo--+-CWO/W1Y c-os2(jo ' (3 ·1) 

where Eq. (2 -12) has been used. 

If we eliminate tl from Eqs. (2·21) and (3 ·1), we can obtain the' relation 

between the intensity 10 (or the apparent magnitude 1n) and the red-shift Z. 

(b) Number count 

Let us evaluat~ the. number dN(m) of the point sources per unit solid angle 

whose apparent magnitude is in the range between m and m + dm. Because m 
is related to the emission time tl by Eqs. (2·21) and (2·22), we have only to 

determine the number dN(t1) of the sources whose emission times are between 
tl and tl + dt1. For this purpose it· is convenient to use the metric (2 ·1) and 

take the origin of the spatial coordinates at the single observer. 

Now if a light pulse is emitted at time t by a source with constant coordi

nates VJ, z and is received' at time to by the observer at the origin, we obtain 

In 

VJ = el' ~ WI (A J A2~I'2 W2) dt, 
t 

to 
(3 ·2) 

z=c ~ AI (W J A 2 +-Z'2W2) dt, 
t 

111 the same way as in § 2, where l' specifies the direction of the light ray around 

the observer. 
In the metric (2 ·1), the three mutually perpendicular infinitesimal distances 

are defined at the instant t by 

AdVJ, A<J (VJ) dcp , Wdz. 

The volume element dV(t) at this instant is therefore 

A 2W<J (VJ) dVJdcpdz _ 

If we transform the variables ,VJ and z into t and Z', according to Eq. (3·2), we 

have 

to 

dV(t) =c2dtdZ'dcp<J(VJ)AJiP+Z',rW2) AWI(A2+Z12 W 2Y/2dt. (3·3) 

Since the proper number density of point sources IS a function of time, i.e. 
n = n (t), we can express the number dN' (t1) of the sources which emit at times 

t1<t<t1+dt1 in the directions of Zo'<l'<Zo'+dZo' and CPo<cp<CPo+dcpo as follows: 

(3·4) 

The number dN(t1) 111 question is the ratio of dN' (t1) to the solid angle dQ 
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Theoretical Relations among Observable Quantities 271 

which is wi thin the directions of 10', 10' + dlo' and CPo, CPo + dcpo around the observer 
at time to. If we mind that 10' can be related to the proper angle (Jo' measured 

from z axis by tan (Jo' = 10' Wol A o, we can obtain 

dQ= sin (Jo' d(Jo' dcpo = dcpodlo'lo' Ao W 0
21 (A02 + 10'2 TY02)3/2. (3·5) 

From Eqs. (3·3), (3·4) and (3·5), we get the following formula: 

to 

X Al vi AI2 + 1/2 W( ~ dtA WI (A 2 + l0'2 W2y/2. (3·6) 
tl 

Here 

to 

No= ~ (dN(t)ldt)dt (3·7) 
tl 

represents the number of the sources per unit solid angle whose emISSIOn times 

are between t1 and to. 
It is to be noticed that lo' = -1, 1 being the corresponding .angular parameter 

defined around one of the sources included. It is because the proper angles (Jo' 
and (J specified by lo' and 1, respectively, satisfy eo' + e = IT and 10'11 = tan eo'/tan e 
at the point of the observer. The right-hand side of Eq. (3·6), being the even 

function of 10', does not change the sign, even if we replace 10' by 1. 
The elimination of t1 from Eqs. (3·7) and (2·21) lead to the relation be

tween the number count and the intensity (or the apparent magnitude). 

§ 4. Power series expansion 

As for the sources situated very close to the observer, the exact formulas 

derived in §§ 2 and 3 can be replaced by the approximate ones expanded in 
power series. If we expand them first with respect to the time difference LIt 
= to - t1 and further eliminate from their series LIt which is npt observable, the 

intensity 10 and the number count No are obtained as 'power series with resp~ct 
to the red-shift Z, as will be given below by Eqs. (4·1) and (4·2). Are these 

formulas consistent with Kristian and Sachs' ones6
) derived in power series with 

respect to their luminosity distance r? For comparison, we must eliminate r 
from their formulas (19), (36) and (39). The resulting formulas including no 
r for the relations among observable quantities coincide with our formulas. 

Our above-mentioned formulas in power series are expressed as follows by 

the use of the Hubble expansion parameters HT and HL (define9- by AI A and 

WIW, respectively) and the deceleration parameters qT and qL (defined by 
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272 K. Tomita 

- AA/ A2 and - WW/W\ respectively), where the suffixes T and L indicate 
the transverse (m) and longitudinal (z) directions: 

10 = Lo (HL cos28 + HT sin28)02 
4nZ2(1 +zy 

X [1 + {HL2 (qL + 3) cos
2
8 --\- H/ (qT+ 3) sin

2
8} Z +'0 (Z2) ] 

(HL cos28 + HT sin28)2 0 ' 

(4 ·1) 

c3n Z3 [3 . No = 0 1-'------ (H cos28 + H s111.28)-2 
3 (HL cos28 + HT sin28)03 2 L T 0 

X {HL
2 (qL + 1) cos28 + HT2 (qT+ 1) sin28 

+ t (HL - H T) (2HL cos28 - HT sin28 + (HL - H T) sin28' cos28)} 0 

XZ+0(Z2) 1 (4·2) 

Here we have assumed that L=Lo and nA2W=noA02Wo, because no evolutionary 

effect is taken into account and the conservation of the number of sources is 
expressed by n oc (A2 W)-I, and we have employed a' suffix 0 to represent a 

quantity at time to. 

§ 5. Application of exact formulas to the simplest case 

To derive the exact formulas among the intensity 10 (or the apparent mag
nitude m), the red-shift Z and the number count No, which are an extended 
version of Mattig's formulas8

) in the case of isotropic universe, we must know 

the functional form of A = A (t) and W = W (t) . Accordingly, we shall consider 

as an example a relativistic model in which the two dimensional surface (t, z 
= const.) is flat (k = 0) and the universe contains only dust-like matter. ,As in 

§ 4, we shall assume that L = Lo and nA 2 W = noA02 Woo 
The 'above-mentioned model is specified by 3) 

W =at2/3 (1 + b/t) , 

a 3 1 (5 ·1) 
P = 6nG -W A 2 ' , 

where p is the matter density, and a and b are constants. Accordingly, the 
Hubble parameters HT and H L, the scalar of expansion 6)*) and the shear (j*) 
can be written as 

HT=2/(3t) , H L= (2t-b)/{3t(t+b)}, 

6) = (2HT+ H L) /3 = (2t+ b) / {3t (t+ b)}, 

(j= (HT-HL)/v'3=b/{v3 t(t+b)}. 

(5·2) 

*) These quantities are defined by @=Ui ;i/3 and er= (erijerij/2) 1/2, where (J'.ij= (Ui;j + Uj;i) /2- (gij

UtuJ) ulc;Ic/3 and ui==.dxi/ds. 
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Theoretical Relations among Observable Ouantities 

Introducing the non-dimensional quantities 

r=t@o 

we can reduce Eq. (5 ·1) to 

A = a'r2
/

3
, 

and r=b@o, 

W = a'r2/3 (1 + r / r) , 

_ @02 1 
P - -6n-C- -r-2 (-I-+-r-/-r-) , 

273 

(5· 3) 

where a' = a/@02/3 is a constant. Here @o is interpreted as the Hubble parameter 

averaged over the sky today and must be a positive constant. Moreover, it fol

lows from Eq. (S· 2) that 

ro = (2 - 3r + /4 + 9rZ) /6 , 
(S ·4) 

The value and sign of ( indicate not only the measure of the present anisotropy. 

of the expansion, but also the type of the singularity. The larger the value of 

1(1 is, the mote anisotropy exists. If (>0 (or r>O), the model has the spindle 
singularity at time r = O. On the other hand, if «0 (or r < 0), the model has 

the disk singularity at time r=lrl. 
Inserting Eq. (S· 3) into Eqs. (2·21) , (3 ·1) and (3·7), we obtain 

with 

where 

f 
I+Z= Vl-t{_~_(I+r/rJ~ r02/3(I+r/ro) , 

r//3 (1 + r /r1) vI + l2 (1 + r /ro)2 

1 
10= {Lo@02/(4nc2)}p, 

No=no(c/eoYo, . 

p= vI + l2 (1 + r /roY ~_!//3 (1 + r /rlt___ 1 
r02/3 (ro + r)2 {I + [2 (1 + r /r1Y} 5/2 J 1 (r1) J 2 (r1) , 

TO 

J 1 (r) = ~ dr (1 + r /r) r--2/3{1 + [2 (1 + r /r)2} --1/2, 

T 

TO 

J 2 (r) = ) dr (1 + r Ir) r--2/3 {I + l2 (1 + r Ir)2} --</2: 

T 

(S·5) 

(5·6) 

From Eqs. (5·4) and (S·S), we can determine how Z, 10 (or m) and No 
change with r 1 for various values of the parameters (and Bo=tan--1 {l(l+r/ro)}, 
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'274 K. T01nita 

(d. Eqs. (2 ·12) and (5 :3)). In the following we analyze numerically the re

lations of Z and No versus m. For eo we pick up the two limiting values 0° 

and 90° corresponding to the z and m directions. For ( (or 'r), we assume the 

values in Table 1. All of these values of ( are within the permissible range 

Table I. 

r 
I 

0.1 0.05 0.03 I 0.01 0.001 

I 

~- ---

C 0.208 0.108 0.066, 
I 

0.022 0.00225 
---

I I 
I 

I 

-0.1 -0.05 
I 

-0.03 -0.01 -0.001 

I 
-0.242 

I 

-0.117 I -'--0.069 -0.023 -0.00225 
i I 

which Kantow:ski and Sachs2
) have estimated by comparing Kristian and Sachs' 

formula6
) of red-shift versus magnitude with observational data of cluster galaxies., 

On the other hand, only two values of ( in Table I is within the range 

1(1 <2.25 x 10-3 *) 

which has been found by Thorne3
) to be compatible with the observed isotropy4) 

of cosmic microwave radiation in the case when intergalaytic space is filled with 
ionized hydrogen. If there is no intergalactic Hn in the space, only the range-

has been found to be compatible with the mIcrowave isotropy. For' the values 

of ( within this range, the deviation of some relations from the case of isotropic 
,models will be remarkably small. 

The numerical calculations have been performed by the digital computer 

HIPAC 103 at Hiroshima University and the results are shown in Figs. 2 and 3. 
'It is foulld from these figures that the relations in the m (z) direction for 

(>0 ((<0), are not very different from those for the corr.esponding isotropic 
model (( = 0), while the relations in the z (m) direction for (>0 ((<0), ar.e 
very different. This situation is due to the properties of the singularities which 

the models have. In the case (>0, when the model has the spindle singularity, ' 
the scale factor W in the z direction increases after the initial decrease. The 

. initial contraction in the z direction brings the. blue shift (Z<O) or small red
shift and the change from the contracting phase to the expanding phase brings 
the maximum Zl of red-shift in the z direction. In the m direction, there is not 

such a maximum red-shift. On the other hand, in the case (.<0, when the model 
has the .disk singularity,. the scale factor A in the m direction remains finite in 
the singular state, while th~ scale factor W in the z direction vanishes. In this 

*) This range corresponds to the range Iql;:S;1.5XlO-3 in Thorne's notation. 
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singular state, the red-shift has the finite value Z2 in the w direction In spite of 

the infinity in the z direction. The values Zl and Z2 are derived from Eq. (5·5): 

log Z 

a 

1.2 80 = 0° 

0.8 

0.4 

0.0 

-2 0 2 4 

Fig. 2(1). 

Zl = t (2rolr)2/3 (1 + r Iro) -1 . 

Z2 = (r 01 ( - r) )2/3 - 1 . 

b 
c 
d 
e 1.2 

0.8 

80 = 90° 

0.4 

s > 0 
0.0 

m 

6 8 -2 0 

10gZ 

b 

?t 
e 

8 = 90° 
° 

~ <.0, 

m 

2 4 6 8 

Fig. 2(2). 

Fig. 2. The redshift-magnitude relation. The magnitude m is defined here by m= -2.5 log P. (For 
P see Eq .. (5· 6).) The relations in the z (m) direction are represented by 00 =0° (90°). On the 
left-hand side, a, b, c, d and e indicate the cases (=0.00225, 0.022, 0.066, 0.108 and 0.208, re
spectively. On the right-hand side, a, b, c, d and e indicate the cases (= -0.00225, -0.02.3, 
-'0.069, -0.117 and -0.242, respectively. The dashed curves represent the relations in the case 
of an isotropic model ((=0). 
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80 = 0° a 

b a 
b 

80 = 90° 
b a 

c c b 
d d 

0.0 e c 
0.0 d 

e 

log No log No e 

80 = 90° 

-0.5 -0.5 

-1.0 ?' > 0 -1.0 
r; < 0 

m m 

-2 o 2 4 6 8 o 2 4 6 8 

Fig. 3(1). Fig. 3 (2). 

Fig. 3. The number count-magnitude relation. The number count No in this figure has the value 
of Q defined in Eq. (5·6). On the left-hand side, a, b, c, d and e indicate the cases (=0.00225, 
0.022, 0.066, 0.108 and 0.208, respectively. On the right-hand side, a, b, c, d, and e indicate the 
cases (= -0.00225, -0.023, -0.069, -0.117 and -0.242, respectively. 
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