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The method that was used to generalize Schwarzshild metric into Kerr metric is applied 
to generalize Weyl metrics into "rotating Weyl metrics", under the approximation of slow 
rotation that angular momentum J is much smaller than m2, m being gravitational mass. 
Our solutions of Einstein's field equation in empty space contain three parameters, i.e., m, J 
and the deformation parameter iJ which classifies the static Weyl metrics. Such properties of 
these solutions as event horizon, infinite red-shift surface and quadrupole moment are discussed. 

§ I. Introduction 

Kerr metric which represents the gravitational field of a rotating mass has 
been obtained by generalizing Schwarzshild metric to the metric with rotation/'• 2h 8l 
and we may call Kerr metric the "rotating Schwarzshild metric". On the other 
hand, Schwarzshild metric is a special one among various metrics with spheroidal 
symmetry, known as Weyl metrics.'"5'' 6' Our purpose in this paper is to obtain 
"rotating W eyl metrics" following Ernst's method.8' Thus, we get the exterior 
gravitational field of rotating deformed objects. 

The solutions which are obtained in this paper, however, are restricted only 
to the case of slow rotation, which implies that the angular momentum J is much 
smaller than m 2, m being mass of source material.*' But, we have not made any 
additional approximations such as weak field or small departure from spherical 
symmetry.8l From the study of the interior solutions, some authors have pointed 
out that the quadrupole moment of Kerr metric with a given angular momentum 
is too small compared with that of the deformed object having the same angular 
momentum8l> 9l and Kerr metric may represent only the field of the objects in the 
extreme relativistic limit.10l Our solutions which contain two independent parame
ters representing the degrees of rotation and deformation will be more appropriate 
solutions as the exterior solutions of wider classes of rotating objects. 

In § 2, the general formulation of the perturbation on the angular momentum 
J and the W eyl metrics which we adopt as the zeroth-order solutions on J are 
given. In § 3, the first order and the second order solutions on J are derived. 

*> During the compilation of this paper we have found an exact solution of the rotating Weyl 
metrics, which reduces to one of Weyl metrics with 0=2 (see Eq. (2·15)) in the limit of J=Q.7> 
However it must be noticed that this exact solution does not reduce to the solution in this paper 
under the approximation of J<{m8• About the cause of this difference, see the footnote in § 3. 
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Gravitational Field of Slowly Rotating Deformed Masses 791 

The properties of our solutions are discussed in §§ 4 and 5, by deriving their 
event horizons and quadrupole moments. 

§ 2. General formulation and W eyl metrics 

We express the stationary axisymmetric line element in empty space as 

(2·1) 

where f, fJ. and w are the functions of p and z only.11l To obtain these functions, 
we use Ernst's method,3l which is a reformulation of Einstein's tensor equations 
in empty space. According to it the functions are derived from one complex 
function ~. which satisfies the equation 

(2·2) 

r denoting the three-dimensional divergence operator. f and (j) are derived from 
the relations 

and 

where 

~-1 f=Re--
~+1 

(2·3) 

(2·4) 

¢=Im~- 1 (2·5) 
~+1 

and fi is a unit vector m the azimuthal direction. fJ. is also derived from the 
relations 

2 ~~ = 21p[;: {(;~r- (!~r} -P {(~: r- (~: r} J. 
2 a p. = 1._ { P2 of of -P aw aw } . 

8z p P 8p 8z 8p 8z 
(2·6) 

As we intend to obtain the approximate solutions for slow rotation, we expand 
~ in the power series of a small parameter A representing the effect of rotation. 
Taking the terms up to A2, ~ can be written as 

(2·7) 

where ~0, ~1 and ~2 are all real functions. This form of the expansion can be 
verified easily by the transformation property such as f-'>f and ())-'>- ()) for A-'>- A. 
Substituting Eq. (2 · 7) into Eq. (2 · 2) we can get the zeroth, first and second 
order equations of Eq. (2 · 2) as 

(2·8) 
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792 H. Sato and A. Tomimatsu 

and 

C~o2 -1) 172~2 -4~ol7 ~o · 17 ~2 + 2~2 C~r~o- 17 ~o · 17 ~o) 

= 4~117 ~1 · 17 ~o- 2~ol7 ~1 · 17 ~1- ~12li'2~o , 

respectively. f and 1/J are also expressed as 

and 

C?·9) 

(2·10) 

(2·11) 

(2·12) 

If we introduce a new function 1fJ' defined as ~0 = - coth 1fJ' instead of ~0, Eq. 
(2 · 8) becomes the Laplace equation I721J!' = 0. Then, taking the axisymmetric 
Newtonian potentials for 1J!', we obtain the solutions of Einstein's field equations, 
which are known as Weyl metrics. Instead of cylindrical coordinates (p, z) we 
now introduce prolate spheroidal coordinates (x, y) and oblate spheroidal coordi
nates (u, v) defined as5l 

z=tcxy (2·13) 

and 

z=ituv, (2·14) 

tc and it being parameters with a dimension of length. As seen from the above 
equations, the solutions in the coordinates (u, v) are obtained from those in the 
coordinates (x, y) by the replacement of x~ -iu, y~v and tc~iit. Therefore 
we give only the solutions in the coordinates (x, y) later on. 

Substituting the Newtonian potential of an infinitesimally slender rod with 
length 2tc into 1J!', we get ~0 as 

where 

~o=l+p' 
l-p 

(2·15) 

(2·16) 

and (} is a dimensionless parameter. Since f behaves as f~1- 2tctJ / (p2 + z 2)112 in 
the limit of x~oo, we can interpret the quantity tctJ as mass m of the source 
material, i.e., 

m=tctJ. (2·17) 

The corresponding solution of Eq. (2 ·16) m coordinates (u, v) is obtained as 
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Gravitational Field of Slowly Rotating Deformed Masses 793 

p= exp( -2~ arccot u), (2·18) 

replacing .x and o by -iu and -i~. 

For later use, we introduce another spheroidal coordinate (X, Y) defined as6l 

p=mv (X2 -1) (1- P), z=mXY (2·19) 

and the relations to the former coordinate (x, y) are given as 

x =_§_{xa+ P+ l-oa ±j(cxa+ P+ 1-oa)a- 4Xaya}1/2 (2·20) 
y ·l2 02 02 02 ' 

where the double sign on the right-hand side takes + for x and - for y~ Further 

we use Schwarzshild coordinates (r, (J) defined as 

j ma- 3oa J2 X=r-m 
4o2-l m 2 ' 

Y= cos (J. (2·21) 

In this coordinate system, the solution of the case of o = 1 in Eq. (2 ·16) gives 

Schwarzshild metric in the usual spherical coordinate system. 

§ 3. First order and second order solutions 

Substituting Eq. (2 ·15) into Eq. (2 · 9), we get the equation 

_J_{cxa-l) a~1} +_J_{Cl-ya) a~1} _ 41+p a~1 
ax ax ay ay 1-p ax 

8tJ2p =0 
+ (1-p)2(x2 -1) ~1 • 

(3·1) 

This equation is solved by separation of variables. Letting ~1 =A (x) B ( y), we 

have the relations 

(3·2) 

and 

(3·3) 

Requiring that B (y) is finite along y = ± 1, l must be positive integer or zero. 

The asymptotic behaviour of A(x) in the limit of x~1 is 

(3·4) 

and the corresponding behaviour of ()) becomes 

(3·5) 

as seen from Eqs. (2 · 4) and (2 ·12). On the other hand it has been proved 

generally that the function ()) of a rotating object with total ·angular momentum 
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794 H. Sato and A. Tomimatsu 

J must take an asymptotic form like11> 

(J)~ ./ :-' t (1-y'). 
p +z (3·6) 

Therefore the cases for plus sign in the exponent of Eq. (3 · 5) are excluded and 
the case of l=1 for minus sign must be included. Further it must be noticed 
that the solution may include the terms of higher values of l for minus sign. 
The physical meaning of this degree of freedom in the solution is that there 
exist many patterns of differential rotation even if the total angular momentum 
is fixed. In the followings, however, we take only the term of l=1.*> The as
ymptotic form of Eq. (3 · 6) is also utilized to fix the normalization of ~1 • We 
choose this normalization factor to satisfy the relation 

J=m').. (3·7) 
Under these conditions, ~1 is obtained as 

36 1 ~1= -y 46'-1 (1-p)a [(x+20')pt- (x-20')], (3·8) 

except in the case of 6 = 1/2. The solution for 6 = 1/2 is given in Appendix I. 
Next we search for a special solution of ~~ satisfying the inhomogeneous 

differential equation (2 ·10). In general, the homogeneous solution which is given 
in Appendix ll must be added to the special one, but we neglect it for simplicity. 
Mter a lengthy calculation we get ~~ as 

~ ( 36 )a( a[ 1+p {(x+~)p- (x-6)}a __ 6_{(x+~)p- (x-6)} a= 462 -1 y (1-p)& 1-p 

+ 1 { (x2-1) (1-p') + x' (1 -pa) _ 6x(1 + p+ pa)}] 
(1-p)2 8p 2 

+ 1 {- (x2-1) (1-p') +6xp}). 
(1-p)1 8p (3·9) 

except in the case of 6 = 1/2 (see Appendix I). These results enable us to get 
(J) and p. as 

(J)= 2J (1-y2) 3 [cx2 -1} (_!_ -1) -46x-863 ]. m 8(462 -1) p2 
(3·10) 

e'~~> = ( x 2 -1 ) ~· [1 _ __£_ ( 36 ) 3 
( 1 _ y 2) {_!_ ( p _ _!_)a 

x 1-y1 m' 462-1 16 p 

x (x'-1) -62}]. (3·11) 

*' Our exact solution7l does include the term of l=3 ss well ss that of l=l in the approximate form of small J. See also the footnote in § 1. 
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Gravitational Field of Slowly Rotating Deformed Masses 795 

As such expansion as Eq. (2·7) is correct under the condition that 

J 30 ~1 
m 2 402 -1 ' 

(3·12) 

the solutions near 0 = 1/2 become invalid. However, as shown in Appendix I, 
the solution for 0 = 1/2 is regular and the pathological behaviour near 0 = 1/2 
seems not to be a real one but arises as a result of approximate calculation. 

In order to see the relation between the above solutions and Kerr metric, 
we shall write ~ for Kerr metric. Using the coordinate transformation Eq. (2 · 21) 
for 0 = 1, Kerr metric in Boyer-Lindquist form18l gives an expression of ~ as 

j J2 . J 
~=X 1---tY-. 

m4 m2 
(3·13) 

Taking 0 = 1 in our solutions, our solution ~ coincides with Eq. (3 ·14) up to 
the order of J2jm 4• 

§ 4. Event horizon and infinite red-shift surface 

Now, we rewrite the line element in the other form like 

ds2=e2r (dp2 +dz2) + p2h-1 (drjJ -!Jdt)2- hdt2, (4·1) 

where !J represents the dragging angular velocity of inertial frame and relates 
to w as 

(4·2) 

and h relates to f as 

h= p2 f. 
p2-f2w2 

(4·3) 

There are two peculiar surfaces of event horizon h = 0 and infinite red-shift surface 
f = 0, while they coincide with each other in the limit of w~O. As for Eqs. (2 ·13) 
and (3 ·10), it is found that the term f/ (p2 - Pw2) remains finite if f = 0 and the 
condition h = 0 reduces to p = 0 or x== 1. Using the coordinates (X, Y) defined 
by Eq. (2·20), we can express the surface of x=1 as follows: 

for 0>1, 

and for 0<1, 

X=1, 

X=1, 

X=y/0, 

Y=y/a 

Y=y/0 

Y=1 

(4·4) 

if Y:<02, 

if Y2>02. (4·5) 

In the Schwarzshild coordinate system, the surface of X= 1 becomes the sphere 
with radius 

(4·6) 
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796 H. Sato and A. Tomimatsu 

where we have used the coordinate transformation Eq. (2·21). For 11>1 the 
event horizon does not cover the entire surface of this sphere, but the polar region 
defined as I cos 81 >1/8 must be omitted. For 11<1, it includes not only the entire 
surface of the sphere but also the rod with length 

(4·7) 

in the directions of 8 = 0 and 7C. It must be noticed that the event horizon will 
disappear for 

J2> 382 m' 
482 -1 

(4·8) 

and that rb becomes larger than 2m for 11<1/2. From Eq. (2 · 3), the condition 
of f = 0 becomes ~~* = 1. Taking the approximation up to the second order of 
A., this condition becomes 

p=-( 38 ) 2A.2[y2{(1+p)2(1+p2)(x2_ 1)+ 8x (1 +p)p 
482 -1 16p . 2 (1 - p) 

-282p(1+p2)} + {- (1+p)2(1+p2) (x2-1) + p(1+p) ox}]. 
(1-p)2 16p 2(1-p) 

(4·9) 

As the solution of this equation is x=1 for A.=O, we put the general solution 
as x = 1 + C, assuming C ~1. In the limit of X-?1, the terms proportional to p - 1 

are dominant for o>1/2 and the terms proportional top are dominant for o<1/2 
on the right-hand side of Eq. ( 4 · 9). Considering this property, we can get the 
results as 

C=O for 8<1/2 

and 

(4·10) 

Then the infinite red shift surface coincides with the event horizon when o<1/2. 
For 8>1/2, this surface becomes an oblate spheroid given by the relation 

_..c-1= (1-l.,l.2 82 )_l_[1+cos28+2 C 
m 2 4o2-1 .J2 o2 

{ c } 1/2]1/2 + sin'8 + 4 (1 + cos28) 02 - o cos28C , (4·11) 

and the polar region defined as I cos 81 >1/o is also omitted for 11>1. For o>1, 
Eq. (4·11) can be approximated as 

(4·12) 
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Gravitational Field of Slowly Rotating Deformed Masses 797 

About the fundamental question whether the space-time is singular or not 

on these surfaces, we do not discuss in this paper, because our approximate so

lutions is not suitable to answer such a question.*> 

§ 5. Quadrupole moment 

Substituting Eqs. (2·15), (3·8) and (3·9) into Eq. (2·11) and expanding 

it for x> 1, we have the asymptotic expression of f as 

f~1- (2+J..2 362 ) (_!) + (2+J..2 662 ) (_!)2 
462 -1 X 462 -1 X 

(662-1)y2}](!) 8
, (5·1) 

taking the terms up to the order of x-8• Using the relations such as Eqs. (2·20) 

and (2 · 21), we transform the coordinates (x, y) to the coordinates (r, (}) at first, 

and, then, we further transform the latter to the Kerr-Shild coordinates (R, (})l'l 

defined as 

(5·2) 

and z = r cos (}. After making these three-step coordinate transformation, we can 

get the asymptotic expression like 

f = 1 - 2m + 2Qm (~ cos2() - _!_) 
R R 8 2 2 ' 

(5· 3) 

where Q is the quadrupole moment and is given for the solutions in prolate 

spheroidal coordinate system as 

for 6+1/2 

for 6=1/2' (5·4) 

and for those in oblate spheroidal coordinate system as 

(5·5) 

The quadrupole moment in the above expression consists of two terms; the 

one which is independent of J corresponds to "electric" quadr1,1pole moment in 

electromagnetism and the other which is proportional to J2 corresponds to "mag

netic" quadrupole moment. Denoting the former by QE and the latter by QM, 
we can get a relation between them as 

*> This problem will be discussed in a forthcoming paper,13l using our exact solution.7l 
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798 H. Sato and A. Tomimatsu 

QN/(J/ms)s=l_ 5-3(Qg/m3
) 

5 1 + (Q8 /m2) 

3 =-
2 

for 

for (5·6) 

The solutions in prolate spheroidal coordinate system cover the region - oo<Q8 
<m2 and those in oblate one do the region m 2<Q8 <oo. In Eq. (5·6), Qx di
verges in the limit Q8 _, -m1• However our solutions are correct under the con
dition of Eq. (3 ·12), which can be rewritten as 

(5·7) 
Then, it seems that the value of Qx/(J/m2) 2 continuously varies from large negative 
values through the finite value at Qg= -m2• It is also interesting to note that 
Qx becomes negative for the cases of 6<1/2 and iJ<1/2, which is contrary to 
usual effects of rotation. 
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Appendix I 

--Solutions for D = 1/2--

For D = 1/2, the expression (3 · 8) is not adequate because the right-hand side, 
except for the normalization factor, becomes identically zero. Therefore, the so
lution ~~ for D = 1/2 must be derived separately from Eq. (3 ·1). Thus, we have 
obtained the following solution: 

1!: - y 3 [ 1 ( 3 1) I X -1 ] ..-1= - - x - n -- +x . (../x+1-../x-1)2 2 2 x+1 

From the solution ~b other functions ~~. w and p. are derived as follows: 

~~=~ y 2 .j 1 ../ [-_!_(In x-1 )' {(x2 -1)2 +x(x'-2) ../x2 -1} 16 ( x+1- x-1)2 4 x+1 

-(In:~~) {(x2 -1)112 +x(x2 -1)} -x2 -xv'x2 -1] 

9 x../xc:l ( x-1 )s 
-64 ( ../x+1- ../x-1)' In x+l ' 

w= 2J (1-y2)~[_!_(x+1)'lnx- 1 -x-2] m 8 2 x+1 
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Gravitational Field of Slowly Rotating Deformed Masses 799 

and 

Appendix. II 

--Homogeneous solutions of ~2--

The homogeneous solutions of ~2 can be obtained more easily than the special 
solutions. They are given as follows: 

(xa-1y {ctlnx-1 +Ca(3y2-1) (3xa-1)(ln x-1 + 6x )}. 
{(x+1Y- (x-1f}2 x+1 x+1 3x2 -1 

where C1 and C 2 are any constants, and we have considered the solutions with 
y-dependence of only P0 ( y) and Pa ( y) . 

These solutions are obtained even if ~1 = 0 and they will not represent the 
effect of rotation but the small perturbation of deformation on the W eyl metrics 
adopted by us. 
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