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For the theory with spontaneously broken phase symmetry, the Ward-Takahashi-type 
identities, which are qualitatively different from the corresponding ones in the unbroken 
theory, are proved in the framework of quantum field theory. On the other hand, for the 
spontaneously broken gauge theory, the Ward-Takahashi identities are shown to be the same 
as those in the unbroken theory, as far as the abelian gauge field is concerned. 

§ I. Introduction 

The W ard-Takahashi (W -T) identities are representations of the current 
conservation law in terms of vacuum r-functions*l or Green's functions.**l In 
a theory with spontaneously broken symmetry, the current conservation law re
mains true and therefore W-T identities are expected to hold. However, since 
the vacuum in such a theory is no longer invariant under the symmetry trans
formations, the W-T identities can be in general different from those in the cor
responding unbroken theory. This remark, however,' has not been clearly rec
ognized until recently, and many authors1l uncritically used the W-T identities 
of the unbroken theory in the spontaneously broken theory. 

Very recently, Matsumoto, Papastamatiou and Umezawa2l (M-P-U) have given 
an important warning to the persons who work in the functional integral formalism 
of the theory with spontaneously broken symmetry. Since the functional integral 
formalism directly deals with Green's functions only, they must contain the bound
ary condition expressing the spontaneous breakdown of symmetry in themselves. 
M-P-U have found that the appropriate boundary condition can be embodied by 
modifying the infinitesimal, purely imaginary term of the action integral which 
produces the Feynman -ie prescription. Using this modified functional integral 
formalism, M-P-U have derived new W-T-type identities for the theory with spon
taneously broken phase symmetry. 

Let ¢ be a scalar field and suppose that the Lagrangian is invariant under 

*> A vacuum -r-function indicates a vacuum expectation value of a T-product of Heisenberg 
field operators. 

**> Throughout the present paper, we do not call operator identities for T-products W-T 
identities. 
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1184 N. Nakanishi 

the phase transformation ¢r'>e1a¢. Then in the unbroken theory, we evidently 
have 

<OIT ¢(x)¢(y) 10)=0, (1·1) 

where I 0) denotes the true vacuum and T is the chronological ordering symbol. 
The spontaneous breakdown of symmetry is introduced by setting 

v2¢(x) =v+cjJ(x) +ix(x), 

<Oic/J(x) IO) = <Oix (x) I 0) =0 

(1·2) 

(1·3) 

(1·4) 

as usual, where an asterisk and a dagger denote complex conjugation and her
mitian conjugation, respectively. If one substituted (1· 2) m (1·1), one would 
obtain 

v2 + <OIT cjJ(x)cjJ(y) I 0)- <OIT X (x)x(y) I 0) = 0, (1·5) 

but this reasoning is obviously wrong because I 0) is not invariant under the phase 
transformations. The correct formula given by M-P-U is 

v2 + <OI T c/J(x)cjJ(y) IO)- <OIT x(x)x(y) IO) 

=sa f d'z<OIT x(x) [v+cjJ(y)]x(z)IO), (1·6) 

where a is an unknown positive constant and c is the Feynman infinitesimal 
positive quantity, which also appears in the perturbation expansions of vacuum 
r -functions. The important point is that the right-hand side of (1· 6) has a non
zero limit as c--'> + 0. Thus the W-T-type identities in the spontaneously broken 
theory are indeed different from those in the unbroken case. 

If one wishes to derive (1· 6) in the framework of quantum field theory, 
the explicit appearance of c in (1· 6) is quite embarrassing. We note therefore 
that d d'zx (z) can be replaced by if d'zDx (z) because the only surviving con
tribution comes from the massless spectrum. In § 2, we prove (1· 6) with this 
modification in a purely field-theoretical way. Of course, extension to more general 
cases is straightforward. 

In the spontaneously broken gauge theory, the situation is somewhat different 
from the case of the simple spontaneously broken phase symmetry. The main 
difference is the existence of the Heisenberg equation of the gauge field A'" (x); 
the conserved current j'" (x) is linearly related to A'" (x). Therefore the current 
conservation a'"j'" = 0 is directly converted into a linear equation for A'"' so that 
we need not use the global symmetry transformation, under which the vacuum 
is not invariant, in order to prove the W-T identities. Nevertheless, Takahashi's 
original proof3> of them cannot be applied to the spontaneously broken gauge 
theory, because his proof is based on the Feynman-gauge formalism. For example, 
he uses an identity 
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Ward-Takahashi Identities in Quantum Field Theory 1185 

(1·7) 

where DF denotes the free massless propagator, but (1· 7) cannot remain valid 
because AI' (x) acquires a non-zero mass.4 l 

In order not to contain the unphysical massive scalar component when AI' 
becomes massive, the gauge field should satisfy the Lorentz condition 

a~'AI'=O. (1·8) 

Since (1· 8) is a Heisenberg equation, it must be valid also before AI' acquires 
the mass. Thus we have to start with the Landau-gauge formalism of the gauge 
field. 5l Indeed, we already succeeded in constructing satisfactorily the spontane
ously broken gauge theory6),?) on the basis of the Landau-gauge formalism, as far 
as the abelian gauge field was concerned. In § 3, we propose a new proof of 
the W-T identities in the Landau-gauge formalism. This proof is equally valid 
in both unbroken and spontaneously broken theories. Thus the W-T identities 
in the spontaneously broken gauge theory are the same as those in the unbroken 
theory, as far as the abelian gauge field is concerned. 

In the Appendix, we explicitly confirm the validity of (1· 6) to the order of 
one-loop graphs in perturbation theory. 

§ 2. Theory with spontaneously broken phase symmetry 

In this section, we consider a non-hermitian scalar field theory with sponta
neously broken phase symmetry, which is defined by (1· 2) ~ (1· 4). Let Q be 
the generator of the phase transformation; then 

[Q, ¢(x)] =¢(x). (2·1) 

More generally, we have 

[Q, !li] = (2k-n)!li, (2·2) 
where 

!li=T ¢ (x<1l) · · ·¢ (x<kl) ¢t (x<k+ 1l) · · ·¢t (x<nl). (2·3) 

The vacuum expectation value of (2 · 2), namely, 

(OJ [Q, !li] I 0) = (2k -n) (OJ!liJO), (2·4) 

IS the starting point of our derivation of the W-T-type identities.*) 
Let PI' be the generator of the space-time translation; then of course 

(2·5) 

Himce, if Jp) IS an eigenstate of PI' belonging to an eigenvalue pi', we have 

O=(Pi [PI', Q]JO)=P/PJQJO). (2·6) 

*l If one uses the current j.(x), instead of Q, as usual, then one cannot derive a relation 
for vacuum t"-functions. 
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1186 N. Nakanishi 

Accordingly, (PI Ql 0) can be non-vanishing only if pi'= 0. 
We insert a complete set into the left-hand side of (2 · 4). Then we can 

symbolically write 

(OI[Q,(J)]IO)= I; [(OIQIP)(pi(J)IO)-(OI(J)Ip)(PIQIO)]. (2·7) 
Pp=O 

Since IP)= IO) gives no contribution to (2·7), there must exist some PI'=O states 
other than I 0) in order for (01 [Q, (})]I 0) to be non-vanishing. This is the well
known reasoning of the proof of the Goldstone-type theorem.8l We know of 
course that X (x) becomes the Goldstone-boson field. More precisely, the asymp
totic field xin (x) of X (x) satisfies 

(2·8) 

and no other massless field is present. Hence any state IP) with PI'=O consists 
of Goldstone bosons only. Furthermore, since the spectrum of P0 is positive 
semi-definite, each Goldstone boson involved in IP) must have zero energy. There
fore, the contributions from many-particle states are evidently infinitesimal when 
compared with the contribution from the one-particle state. Thus we have only 
to take account of the one-Goldstone-boson in-state 

IP, xtn>= (2n)-312 (2lpl)li2 s dx e-ipxxin(x) IO)' 

where Px= lplxo-px. 
We first consider the last term of the right-hand , side of (2 · 7): 

(2·9) 

(2 ·10) 

where the subscript T indicates exclusion of I 0) from the intermediate states. 
By applying the Lehmann-Symanzik-Zimmermann reduction formula 9l to (OI(J)Ip, xin), 
we obtain*l 

(01 (J)QI O)T = S dp iS d 4y0y(OI T ¢ (x<'l) .. ·cpt (x<nl) X (y) I 0) 

·e-iPY(2n)-sl2(2lpl)-1!2(p, XiniQIO). 

Because of (2 · 6) we can write 

Then 

(OI(J)QIO)T=ib S d 4y0y(OIT ¢(x<'l) ... ¢t(x<nl)x(y) IO). 

Likewise we can show that 

(2 ·11) 

(2·12) 

(2 ·13) 

(2·14) 

*' The factor (2rr) - 312 (Zip!) - 112 is due to the LSZ normalization9> of the wave function. 
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Ward-Takahashi Identities in Quantum Field Theory 1187 

where 

(2·15) 

Because of translational in variance, we find b' = b*. Hence 

(2·16) 

with a being a real constant defined by 

a=2lm b. (2 ·17) 

Thus from (2·4) we obtain the W-T-type identities: 

a S d 4yDu<Of T ¢ (x(ll) .. ·¢ (x<kl) q;t (x<k+l)) .. ·¢t (x<nl)x (y) [ 0) 

= (2k- n) <OfT¢ (x<1l) · · ·¢ (x<kl) q;t (x<k+l)) · · ·¢t (x<nl) [ 0). (2 ·18) 

First, we consider the case n = k = 1; in this case (2 ·18) becomes 

(2·19) 

Since the vacuum r-functions involving an odd number of X fields always vanish,*l 
(2 ·19) is rewritten as 

Using the spectral representation 

<OfT x(x)x(y)[O)=J/Xl(x-y) 

with 

Px(s) =Zxo(s) +O(s)O'x(s), 

we see that (2 · 20) reduces to aZx = v, that is, 

a=Zx -lv. 

(2. 20) 

(2. 21) 

(2·22) 

(2. 23) 

We can confirm this result by calculating (2 ·17) together with (2 ·12) di
rectly. From Sen and Umezawa's general consideration,10) we can write 

Q = c J dxaoxin (x) + const , (2·24) 

where c is a real constant. Hence we get 

*l This is because the theory is still invariant under the transformation x~-x. 
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1188 N. Nakanishi 

= (2n)-Sf2(2lpl)-lf2c s dx<p, xinlooxin(x) IO) 

=t ic()(p). 

Thus we have 

a=c. 

In order to determine c, we make use of the following formulas :*l 

and 

<OI [Q, xin(y) J IO)= -i<OI [Q, v + ¢in(y) +ixin(y) J IO) 

= -iv'2<0I [Q, ¢(y)J IO) 

= -iv'2<0I¢(y) IO) 

= -zv 

<OI [Q, xin(y)JIO)=c s dxoo"Txin(x), xin(y)] 

=c·iZx Jdxoo"D(x-y) 

= -icZx. 

From (2 · 26),......, (2 · 28), we again obtain (2 · 23). 
For n=k=2, (2·18) becomes 

aS d 4zO.(OIT ¢(x)¢(y)x(z) I0)=2<0IT ¢(x)¢(y) IO). 

On substituting (1· 2) in (2 · 29), we find 

ia s d 4zD.<OIT x(x) [v+¢(y)Jx(z) IO) 

=v2+<0IT ¢(x)¢(y)IO)-<OIT x(x)x(y)IO), 

(2·25) 

(2·26) 

(2·27) 

(2. 28) 

(2·29) 

(2·30) 

which is an identity equivalent to (1· 6) . Because of (2 · 20), (2 · 30) reduces to 

ia s d 4zD.(OIT x(x)¢(y)x(z) IO)= .• v~) (x-y) -£1/X) (x-y). (2· 31) 

The proper vertex function rx~x) is defined by 

<OIT x(x)¢(y) x(z) IO) 

= sd4~ sd47j Jd4(J/Xl(x-~)r<X~Xl(~-(,(-r;)J/~l(r;-y)J/Xl((-z). 
(2·32) 

Hence, using (2 · 20) again, we obtain 

*> cpin (y) ==0 if cp is unstable. 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/51/4/1183/1845469 by guest on 17 M

ay 2023



Ward-Takahashi Identities in Quantum Field Theory 1189 

ia s d'zD.(OIT x(x)cf;(y) x(z) IO> 

= v J d'~ J d'r;J/Xl (x- ~) J/~l (r;- y) J d'(r<x~xl (~ _ (, ( _ r;). 

(2. 33) 

Therefore, m momentum space, (2 · 31) becomes 

(2·34) 

where a tilda denotes the Fourier transform. This identity IS exactly the one 
obtained by M-P-U in their functional integral formalism. In the Appendix, we 
explicitly confirm the validity of (2 · 34) in perturbation theory. 

We can continue similar considerations for the cases n>3. We note that 
the identities (2 ·18) hold even if there are some fields other than ¢, provided 
that x is the sole Goldstone field. 

§ 3. Spontaneously broken gauge theory 

In this section, we prove the W-T identities of gauge theory in the Landau
gauge formalism. For definiteness, we consider the chiral-gauge model and con
fine ourselves to the vertex-function identity only, but extension to more general 
cases is straightforward. 

In the Landau-gauge formalism,5l the gauge :field AI' is accompanied with a 
massless scalar :field B and satisfies 

a~'AI'=O, (3·1) 

DAI'-ai'B=jl', 

where jl' IS the conserved current, 

8~'jl'=0. 

(3·2) 

(3 ·3) 

Since (3 ·1) is independent of (3 · 3), the representation of the relation (3 · 3) in 
terms of a :field operator is 

DB=O. (3·4) 

Therefore, our starting point is an identity 

(OIT cf;(x)q}(y)DB(z) 10)=0, (3·5) 

where cjJ is a spinor :field and ?J=cf;tr0• Since cjJ (x) and q1 (y) commute with B (z) 
at an equal time and since7l 

iJ(xo-zo) [cf;(x), 8oB(z)] = -iJ(xo-zo) [cf;(x),jo(z)] 

= - ier5cf; (z) iJ4 (x- z), 

iJ (Yo- Zo) [?J (y)' 8oB (z)] = - ier5?J (z) r5iJ4 (y- z)' (3·6) 
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1190 N. Nakanishi 

where e stands for the charge of ¢, (3 · 5) is rewritten as 

0/0IT ¢(x) (/)(y)B(z) IO) 

=ier5Sp' (z- y) tr (x-z) +ieSp' (x-z)r.tr (y-z), (3 ·7) 

where 

SF' (x-y) =<OIT ¢(x) (/)(y) IO). (3·8) 

The proper vertex function r" is defined by*l 

<OIT ¢(x) (/)(y)B(z) IO) 

= s d4~ s d4r; s d4t;,Sp' (x-~)T"(~-t;,, ( -r;)SF'(r;-y)D"<AB) (( -z), 

(3 ·9) 

whence 

o.D/AB)(t;.-z) =ia/tr(t;.-z). 

Therefore (3 · 7) reduces to 

- s d 4~ sd4r;S/(x-~)8/P'(~-z, z-r;)S/(r;-y) 

=er5Sp' (z-y) ~4 (x-z) + eSp' (x-z) r5~4 (z-y). 

In momentum space, we have 

(3 ·10) 

(3 ·11) 

(3 ·12) 

(3 ·13) 

Thus spontaneous breakdown of gauge invariance brings no change to the W-T 
identities. Jackiw and Johnson11l used (3 ·13) without verifying it. 

Extension of our method to a non-abelian gauge field is difficult because B 
then no longer satisfies a free-field equation. 

Appendix 

We explicitly check the validity of (2 · 34) to the order of one-loop graphs 
m perturbation theory in the Goldstone modeP2l 

The Lagrangian density in terms of ¢ and X is given by 

where 

*l The "scalar" proper vertex does not contribute because (OJT B(x)B(y) JO)=O. 
**> The relation (3 ·10) is valid even in the spontaneously broken theory. 

(A·1) 
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Fig. 1. Non-trivial third-order Feynman graphs of r(p,p). 
The solid line and the dotted one represent a <P propa
gator and a x one, respectively . 

IP 
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Fig. 2. A second-order self-energy 
graph of x. 
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Fig. 3. Second-order self-energy 
graphs of </1. 

..fo = ~ (f)!' cpa l'cjJ + m 2c/J2
) + ! a~'xa I' X ' (A·2) 

I - cps 1 X2) 
.Lint= -gm I v'3 ·- +----= ·cjJ ·

\ 3! v'3 2! 

_ 92 (c/J4 + _!_. ¢2 . x2 + x4). 
4! 3 2! 2! 4! 

The symmetry-breaking parameter v is given by 

(A·3) 

v= v'3mjg+O(g). (A·4) 

The validity of (2 · 34) in lowest order is obvious. 
In the order 92, we have only to consider the P-dependent terms alone be

cause any constant terms can be absorbed into the correction term of v. In 
particular, we need not worry about the ultraviolet divergence at all. We set*l 

1. sd4 [ 2 ( )2 ·o]-1 ( 2 2 ·o)-1 Jk= q m1 - p-q -z mk -q -z (j, k= 1, 2) (A·5) 

with m1 = m and m 2 = 0. Of course 112 = 121 • One-loop F eynman graphs (having 
P-dependence) of f'cx.Pxl(p,p), [JFCxl(p)]-1 and [JFC.Pl(p)]-1 are depicted in Figs. 
1, 2 and 3, respectively. The corresponding Feynman integrals Fn are written 
m terms of I 1k as follows: 

*> If one wishes to do so, take an n-dimensional extension13> of 11 •. 
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1192 N. Nakanishi 

F1a = -(gam/ v'3) (/12 -ln), 

F1b=- (gam/3v'3) (/22-/12), 

F1c= (gam/2v'3)In, 

Fut= (gam/3v'3)J12, 

F1e= (gam/2v'3)J22; 

F2 = - (g2m2 /3) /12; 

Faa= - (3g2m 2 /2) 111 , 

Fab = - (g2m 2/6) /22 • 

Here, m F1a and F 1b we have made use of an identity 

(A·6) 

(A·7) 

It IS easy to see that in the order g2, both sides of (2 · 34) are equal to 

(A·S) 

References 

1) G. 't Hooft, Nucl. Phys. B35 (1971), 167. 
B. W. Lee, Phys. Rev. D5 (1972), 823. 
B. W. Lee and]. Zinn-Justin, Phys. Rev. D5 (1972), 3121, 3137, 3155; D7 (1973), 1049. 

2) H. Matsumoto. N. ]. Papastamatiou and H. Umezawa, Nucl. Phys. B68 (1974), 236. 
3) Y. Takahashi, Nuovo Cim. 6 (1957), 371. 
4) P. W. Higgs, Phys. Rev. 145 (1966), 1156. 
5) N. Nakanishi, Prog. Theor. Phys. 35 (1966), 1111; 38 (1967), 881. 

B. Lautrup, Kg!. Danske. Videnskab. Selskab, Mat.-fys. Medd. 35 (1967), No. 11. 
N. Nakanishi, Prog. Theor. Phys. Suppl. No. 51 (1972), 1. 

6) N. Nakanishi, Prog. Theor. Phys. 49 (1973), 640. 
7) N. Nakanishi, Prog. Theor. Phys. 50 (1973), 1388. 
8) A. Katz and Y. Frishman, Nuovo Cim. Suppl. 5 (1967), 749. 
9) H. Lehmann, K. Symanzik and W. Zimmermann, Nuovo Cim. 1 (1955), 205. 

10) L. Leplae, R. N. Sen and H. Umezawa, Nuovo Cim. 49 (1967), 1. 
R. N. Sen and H. Umezawa, Nuovo Cim. 50 (1967), 53. 

11) R. Jackiw and K. Johnson, Phys. Rev. DB (1973), 2386. 
12) ]. Goldstone, Nuovo Cim. 19 (1961), 154. 
13) G. 't Hooft and M. Veltman, Nucl. Phys. B44 (1972), 189. 

Note added in proof: The reasoning presented in § 2 can be applied, at least formally, to any 
kind of continuous internal symmetry. If the Goldstone boson is composite, one has only to em· 
ploy the Haag-Nishijima-Zimmermann formalism. 
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