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The nonlinear self-consistent equations for- the fermion propagator are fully examined in 
the light of spontaneous breaking of chiral symmetry in a vector-gluon model. The results 
obtained concerning the uniqueness of the solution are summarized in the form of theorems. 
These theorems demand that the spontaneous symmetry breaking occurs not for weak 
coupling, but for rather strong coupling. A comment is made on some attempts at the 
dynamical Higgs mechanism. 

§ 1. Introduction and theorems for self-consistent equations 

In our previous paper/l which we refer to as the paper I in the following, 
we analyzed the Schwinger-Dyson equation for the fermion propagator in a vector
gluon model, asking whether a spontaneously symmetry-breaking solution exists, i.e., 
the fermion mass is spontaneously generated.2> One of the main purposes of this 
paper is to summarize the results obtained by now and give some improvements 
in the demonstration of them. So we should like to begin with reviewing 
what was done in the paper I: We chose a suitable gauge for' the vector 
gluon and· made an pole-approximation to the massive vector-gluon propagator 
and no radiative correction to the vector vertex function in the Schwinger
Dyson equation. It was shown that these approximations stated above, together 
with the ladder approximations to an axial-vector vertex function and to a pseudo
scalar vertex function, reproduced consistently the Ward-Takahashi identity. 
Therefore we could safely discuss the axial-vector current conservation within 
these approximations. Setting irP + m 0 + .J: (p) =ia (p2)rP + (3 (p2) and performing 
angular integration after Wick's rotation in the Schwinger-Dyson equation, we 
obtained nonlinear equations for the functions a and {3, characterized by a set of 
parameters, i.e., the coupling constant g, the bare mass of the fermic;m m 0 and, 
when necessary, a cutoff A which was introduced as a regulator mass. 

Here we summarize the various results obtained in the paper I and in § 2 
of this paper, in the form of theorems. *l 

(1) Solutions without cutoff in the "Landau-like" gauge 

In a certain gauge which we call the "Landau-like" gauge (see the paper I), 

*l We cite, in the form of theorems, the results obtained in the paper I, where they were not 
summarized in the form of theorems. 
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Spontaneous Breaking of Chiral Symmetry zn a Vector-Gluon Model 861 

the self-consistent equations are 

(1·1a) 

and 

(1·1b) 

where . 

and 

Theorem 1-a: When m0~0, there exists no solution for Eqs, (1·1a) and 
(1·1b). When.m0 =0 and O<g2/4n<n!fc2, (g}=(16/33)2), there exist a con
tinuously infinite number of independent solutions (a, /3) for Eqs. (1·1a) and 
(1·1b). The solutions are 'specified by an 'asymptotic parameter' v (O<v< oo) 
which determines the magnitude of the asymptotically dominant part of /3, 
as 

(1·3) 

where 

The /3,(0) can be arbitrarily fixed by choosing a suitable v. (For the proof, 
see the paper I.) 

Theorem 1-b: Under the condition that m 0 =0 and O<g2/4n<gc'2/4n, 
('rrf5<g/2/4n<n!f/= (16/33) 2n), and for a suitably normalized v, there exists 
only one solution (a, /3.) in the space (Da, Dj), where 

and 

Da={aia>am, ae'6"'}, 

D.s= {/31 /3 e '6"'} *> 

-2. 1 ) 1) 2 a (g)=-+- 1-JL. 
m ' 2 2 2 

(For the proof, see the paper I.) 

(1·4) 

*> W is a set of all continuous functions. We can prove in the following theorems that for 
any solution (a, fJ) in which a has a positive lower bound, the a and the fJ are continuous functions. 
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862 T. Maskawa and H. Nakajima 

Theorem 1-c: For m 0 =0, the identically vanishing /3 is a solution for Eq. 
(1·1b). Under the condition O<g2/4n<2n, there exists a solution a for Eq. 
(1·1a) with /3 set identically vanishing. For g2/ 4n>8n, if it existed, the a 
should have zeros in the space-like momentum region. (For the proof, see the 
paper I.) 

We wondered where the arbitrariness of v, consequently of the physical mass, 
m the theorem 1-a came from. Apparently, it did not come from the freedom 
of fixing mass scale as was thought in massless QED since the gluon was massive. 
Then we argued that this situation reflects the fact that if a cutoff A is introduced 
and let to infinity with a physical mass m fixed, the bare mass m 0 (m, A). tends 
to zero, while the value of 2mJP( = -ia11j 5") at the renormalization point does not 
necessarily tend to zero, but to a value suitably determined by m 8> since the re
normalization constant ZP -I tends to infinity. In other word's, although we obtained 
the solutions (/3~0) with m 0 = 0 in Theorem 1-a, we considered that these were 
not chiral invariant solutions, or an infinitesimal bare mass slipped into the theory 
in terms of the cutoff version. 

(2) Solutions with cutoff in the Feynman gauge 

Next we investigated the Schwinger-Dyson equation with a sufficiently large 
but finite cutoff A, in order to make the above argument more definite. In this 
case, the vanishing bare mass, m 0 = 0, meant chiral in variance because no infinity 
appeared in the formalism. 

The integral equations to be considered are 

(1·5a) 

and 

(1·5b) 

where 

g2=g2j (27!')2' 

LA(x,y)=[ y -(.a2~A2)J 
{x+y + tt2+ v'(x+y + ,Ll2)2-4xy}2 

and 

(1·6) 

Theorem 2-a: When O<g2/4n<n/4, there exists a solution (a, /3) for Eqs. 
(1· 5a) and (1· 5b). Then for a fixed a in the space Da, there exists a unique 
solution /3 in the sPace in Dp, where 
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Spontaneous Breaking of Chiral Symmetry in a Vector-Gluon Model 863 

(For the proof, see the paper I.) 

When m 0 = 0, we find that the identically vanishing /3 is apparently a solution 
for (1·1b), and therefore from Theorem 2-a, we immediately conclude that the 
identically vanishing /3 is a unique solution. 

Here adding to the above theorem, we give the following one through the 
argument of the final part of subsection 2-a in this paper: 

Theorem 2-b: When O<g2/4n<n/5, there exists a unique solution (a, {3) 
zn the _space (Da,Dp) for Eqs. (1·5a) and (1·5b), where 

Da={ala>O, aE'I?'} 

and 

Dp={/31 /3E'6'}. 

As clearly stated in Theorem 2-a, if g2/4n<n/4 and m0 =0, we obtained the 
unique solution /3(P2 ) =0, which means that no "super-conducting" solution exists 
for such a small value of g2 irrespective of the value of A, and no Nambu-Goldstone 
boson appears. 

(3) Model case for rather strong coupling 

It becomes impossible to verify the uniqueness of the solution for rather strong 
coupling. As a matter of fact, for m 0 = 0 and for rather strong coupling, we 
analyzed the model case, a(x) =1, and proved that there exists another solution 
than the identically vanishing solution and, therefore, the solution /3 is no longer 
unique for g'j4n>n/4. 

The equations that we took are as follows: 

a(x)=1 (1·7a) 

and 

(1· 7b) 

where KA is defined in (1· 6). More generally, we describe a theorem concerning 
the nonlinear integral equation in the form of Eq. (1 · 7b) with a more general 
integral kernel K(x, y), i.e., 

*l The question al:JOut the occurrence of spontaneous breaking of chiral symmetry is centered 
at that of the nonuniqueness of the solution fi. Nonuniqueness of a is irrelevant to consideration 
of the existence of the "super-state" solution. We have been discussing only the positive definite 
solution a, which is in fact positive if there are no negative norm states. We do not know much 
about the non-positive solution a. 
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864 T. Maskawa and H. Nakajima 

(3(x) =cf;·{3(x)=g2 f= dy K(x, y) y(3(y) (1·8) . )o y + (32 (y) 

Here we define J{ as the set of all the kernels K satisfying the following conditions 
i) to v). 

i) K(x,y)>O. (1·9) 
ii) K(x, y) is a symmetric .. £:2 kernel. 
We define functions u and f3m as follows: 

u: u(x) =Sup[f(x); f(x) E:</Jcnl['6']], 

n>1, <P(n+l)=<P·<P(n) <P(l)=<P' (1·10) 

'6' is a set of air contin:uons functions. 

/3m: K*f3m =J...mf3m,*l Am is a maximum eigenvalue for 1'2-eigenfunction of K. 
If i) and ii) are satisfied, Am>O and we can obtain 

(1·11) 

iii) The u is an ..L'2 function, and u>ef3m, where ~>O. 
iv) lafjaxi<N for any fE<f.cnl['6'], where Nis a constantindependentof.f 
v) The asymptotic behavior of K(x, y) for' large x, is independent of y for 

O<y<a, where a is a certain positive constant. 

Theorem 3: There exists a nonvanishing solution /3 (also - (3) along with 
an identically vanishing one, (3=0, for Eq. (1· 8) if K E :K, and if g 2J...m> 1. 
(For fhe proof, see the paper I.) 

Since the kernel KA in Eq. (1·7b) belongs to :K, there exists a nonvan1shing 
solution /3 ("super-conducting" solution) along with the solution (3 0 ("normal
state" solution), when U2Amax> 1, where Ama.x is the maximum eigenvalue of KA. 
The Amax tends to 4 as A tends infinity and therefore g2Amax>1 is satisfied for the 
sufficiently large A if ff2>1/4, i.e., g2/4n">n/4. 

It .should a]so be noted from the Theorem 1-c, that in the region g2/4n>8n, 
if the "normal-state" solution existed for the equation without the cutoff, the cor· 
responding propagator should necessarily have an unphysical singularity, i.e., a 
singularity in the space-like momentum region. This fact implies that the "normal
state" solution becomes unstable for a sufficiently large value of g2• 

As stated above, to the question whether the spontaneous breaking of chiral 
symmetry occurs in a vector-gluon model, or not, we answered. in the paper I, 
"yes, for strong coupling, and no, for weak coupling even for the cutoff A going 
to infinity." The solution (a, (3) obtained in the case of no cutoff for weak coupl
ing, O<g2/4n<n/5, is not a chiral symmetric solution (no Nambu-Goldstone boson!). 
This is, however, the joined results of Theorems 1, 2 and 3. There we took a 

*l In the following, we often use an abbreviated notation for integration such as K*fim for 
J0 dyK(x,y)fim(y). 
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Spontaneous Breaking of Chiral Symmetry in a- Vector-Gluon Model 865 

"Landau-like" gauge in Theorems 1 (3-a in the paper I), and the Feynman 

gauge in Theorems 2 (3-b in the paper I) and Theorem 3 (3-c in the paper I). 

We consequently dealt with slightly different equations and further approximated 

them as a=1 in Theorem 3. Therefore in this paper, we give the_ theorems both 
for the weak coupling case and for the strong coupling case without the approxi-
mation a=1 in the "Landau-like" gauge with the cutoff, and reinforce the results 
obtained in the paper I. The proofs of them are given in § 2. Here we cite the 

theorems. 

(4) Solutions with cutoff in the "Landau-like" gauge 

In the "Landau-like" gauge with the cutoff, the integra~ equations to be con

sidered are as follows: 

a(x) -1-g-2 f""d L (x- ) ya(x) . -. Jo y c ,Y yd(y)+/12(y) (1·12a) 

and 

(1·12b) 

whe,re 

and 

(1-13) 

( 4) -a Weak coupling case 

Theorem 4: For O<g2/4n<g/j4n(=0.222n)', there exists a unique solution 
(a, S) in the space (Da, Dp) for Eqs. (1·12a) and (1·12b), where 

and 

(F9r the proof, see § 2.) 

Da={aja>amCU2), aE'?}, 

Dp I {i1! /1E '6'} 

_:2 1 1 j 2 
am(g )=-+- 1-JL. 

2 2 2 
(1--14) 

Especially, for m 0 =0; (a,S)p=o is a unique solution. Thus we find that spon
taneous breaking of chiral symmetry does not occur, irrespective of the magnitude 
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866 T. Maskawa and H. Nakajima 

of the cutoff A for weak coupling such that 

(1·15) 

(4)-b Rather strong coupling case 

We consider Eqs. (1·12a) and (1·12b) for rather strong coupling, firstly in 
the case m 0 = 0. Therefore the integral equations are as follows: 

(1·16a) 

and 

{3(x) =!r foodyKc(x,y) y{3(x) . Jo ya2 (y) + {32 (y) 
(1·16b) 

Theorem 5: For 2n>g2/4n>g/f4n(=0.259n) andfor finite but sufficiently 
large A, there exists a solution (a, {3), where {3 is nonvanishing, along 
with a solution (a, {3), where {3 is identically vanishing, for Eqs. (1·16a) and 
(1·16b). (For the proof, see § 2.) 

It is thus found that the spontaneous breaking of chiral symmetry does occur 
for a sufficiently large cutoff A and for rather strong coupling such that 

(1·17) 

However, if we consider Eqs. (1·12a) and (1·12b) with m 0 sufficiently large 
for a finite A, we find from the following Theorem 6, that the solution (a, {3) for 
Eqs. (1·12a) and (1·12b) turns out to be unique even for rather strong coupling. 
We stated this fact in the paper I, but we did not give the proof there. 

Theorem 6: If m 0 is sufficiently large for a finite A, and if O<g2/ 4n<2n, 
there exists a unique solution (a, {3) for Eqs. (1·12a) and (1·12b), in the 
space (Da, Dp), where 

and 

(For the proof, see § 2.) 

Da={a>am(g2), aE'?}, 

Dp= {{3! {3 E '6"} 

Through all these theorems above, we can again answer as the following to 
the question whether the spontaneous breaking of chiral symmetry occurs in the 
vector-gluon model or not; "no, for weak coupling, and yes, for rather strong 
coupling" as far as the higher order corrections do not spoil badly the applicability 
of our method to the proofs. 

Section 2 is devoted to the proofs of Theorems 4, 5 and 6, and of Theorem 
2-b. In § 3, we would like to comment on some attempts at the dynamical Higgs 
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Spontaneous Breaking of Chiral Symmetry in a Vector-Gluon Model 867 

mechanism of Ref. 4) and 5), in connection with our analyses. 

§ 2. Proofs of Theorems in the case of the "Landau-like" 
gauge with cutoff 

We would like to refer the readers to the paper I for the formalism and 

also for notations. Here we begin :with writing the self-consistent equations with 

the cutoff, for the fermion propagator_ in the "Laudau-like" gauge: 

and 

where 

and 

a(x)=l-!r foodyLc(x,y) ya(y) 
Jo ya2 (y) + (32 (y) 

!!"=g2/ (2n) ", ia(p") rP+ (3(P2) =irP + mo +I (p), 

Lc(X, y) =L#,(x,y) -LA,(x, y), 

Kc(x,y) =K#,(x, y) -KA,(x, y) 

(2 ·la) 

(2·lb) 

Before getting into the rigorous proofs of Theorems 4 and 5, we briefly outline 

them. We first define a se't of function spaces Da and Db, so that all possible 

solutions {3 should be contained in Db. As for the Da, we choose a suitable 

function space, and we prove that there does exist a solution a in Da. **l We 

find a. unique solution a of Eq. (2 ·la) in Da for an arbitrarily fixed {3 in Db and 

define it as ap, where we make use of ~ fi.xed point theorem (see the paper I). 

Substituting the ap into Eq. (2 ·lb), we obtain an equation to determine the un

known {3. In subsection 2-a (weak coupling case) we find a unique solution {3, 

using the fixed point theorem again. Then we finally obtain the unique solution 

(ap, {3). In subsection 2-b (rather strong coupling and m 0 =0 case), we modify 

the function space D 11 to Do' such that Do' consists of suitable positive functions 

*l It should be noted that the kernel K.(x,y) is a positive definite function, which is given 

in the Appendix. 
**> See the footnote on p. 4. 
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868 T. Maskawa and H. Nakajirna 

and does not contain the identically vanishing {1. By making use of another fixed 
point theorem (Schauder's one; see the paper I), we- find that there exists at 
least one solution in D/ for Eq. (2·1b) with ap substituted. 

Now we proceed along the line stated above. We assume that a solution 
a be positive definite and also there exists a constant lower bound of a, which 
we define as am. Then we find from inequalities 

and 

-LA,<Lc <Ll', 

O< xa < 1 
xa2 +/32 a,. 

that the following inequalities hold: 

where 

(2·2) 

(2·3) 

Here we determine am such that if a function a is larger than am, an image 
¢13 ·a of a, where a mapping ¢13 is defined in (2. 8), is also larger than am. Thus 
we define am as 

(2·4) 

Throughout the following, we restrict ourselves to the solutions a such that a 
>am(U2), *> and without this restriction, we do not exclude any possible soldtions 
(a, {1). Now we define a pair of function spaces Da and Db, where all possible 
solutions should be contained, i.e., 

where 

Da={alll-al<s(x), j~~~<M}, 

Db={f311f3-moi<t(x), ~~!J<N}, 

(2·5) 

(2·6) 

*>If a solution a is larger than C1/2){1-v'1-Cu'/2)} for 0~!!'~2, the solution a is found 
from inequalities (2·2) and (2·3) to be not smaller than am. 
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Spontaneous Breaking of Chiral Symmetry in a Vector-Gluon Model 869 

M; M=Max[ (g 2/am)l aLe 1*1]. 
' ax 

t(x); ?p·{3=m0 +g2Kc* ~(3 2 , (definition of mapping ?p) 
xam +(3 

u=Inf{am.Jx, ?p· (am.Jx)t, 

·{o (log x/ x) 
t(x) = 

o(log x/x) 

if m0~0, 

if m 0 =0, 

(2·7) 

- It can be understood in the nature of the above definition that any solutions 

(a, /3) of Eqs. (2 ·1) must be contained in Da and in Db, respectively, ~nd it can 

be checked that the interchange of differentiation and integration is justified in the 

definitions of M and N. Equations (2 ·1) are, in the abbreviated notation, 

(2 ·1a) 

(2·1b) 

, For an arbitrarily :fixed (3 in Db, we define a mapping </Jp whose domain is Da, as 

follows: 

(2·8) 

From the definition of D~, the mapping q1p is an into-mapping of Da, irrespective 

of (3, and further is contraction in. the strict sense for suitably chosen g2, which 

can he seen a·s follows: 

(2·9) 

where for the notation II a"', Jlp "', etc., we wish ·the reader to see the definition 

(3 ·57) in the paper I, and 

(2 ·10) 

where 

and 

So long as 

(2·11) 

it follows that 
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870 T. Maskawa and H. Nakajima 

?J2 <1 
.svz (2 ·12) 

and then from the fixed po!nt theorem (II) m the paper I, there exists a unique 
solution for the equation a= cp11 ·a. With the above solution defined as a 11, we 
now obtain the equation to determine the unknown (3: 

r.; -2K xfi 
fJ = mo + g e *------'--

xa/+(32 
(2 ·13) 

It should be noted here that when m 0 =0, we apparently have the solution (a0,0). 

2.a Weak coupling case 

We define a mapping. ¢ whose domain is Db, 

¢·fl=mo+g2Ke* xfJ (2·14) 
xa/+(32 

From the definition (2·6), the mapping ¢ is an into-mapping of Db. Here we 
again intend to prove that the mapping ¢ is contractiop. in the strict sense for weak 
coupling: 

where as a 1=a11, and a 2=a11,, subtracting a 2 from al> we obtain that 

a1-a2=- g2LJiaa*(a1-a2)- g2Leil/'*(fl~-f12), 

which becomes 

(2 ·16) 

(2·17) 

Since both sides of Eq. (2·17) are _f!-functions and {1-(-g2)Leilaa}-1 is well 
defined for g2<2 from the inequalities (2 ·10) and (2 ·12) (see the paper I), it 
follows that 

a1- a2 = -{I- (- g2) Leila a} -l*g2Leilpa* Cf11- f12). (2·18) 

Substituting Eq. (2 ·18) into Eq. (2 ·15), we obtain 

{J/ -(3/ = [- g2Keil/*{J- (- g2) Leila a} -l*g2Leilpa + g2Keil/] * ((31-(32), 

(2·19) 
which becomes 

(2·20) 
Noting 

(2·21) 

(2·22) 
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Spontaneous Breaking of Chiral Symmetry in a Vector-Gluon Model 871 

x!f2L ,y-!f2<)_K 
A . 16 (2 ·23) 

and .therefore 

I(Jl a)-!L JI al<-1_1( 
I fJ c f3 16 (2. 24) 

and 

(2·25) 

we obtain 

(2·26) 

Since [1-cKr1 is well defined for an operand of .. f2-function when c<l/4 (see 
the paper I), it follows that 

(2. 27) 

From the inequality (2 · 27) and the inequality (2 · 26), we obtain 

1111/- 112'11< 416?1~2 ·11111- 11211 . -g 
(2 ·28) 

If O<g2/4n<gN4n=0.222n, we find 16g2/(4-g2)<1 and finally obtain a unique 
solution 11 for Eq. (2 ·13) from the fixed point theorem II in the paper I, and 
thus a unique solution (ap, /3) for Eqs. (2 ·1). This concludes the proof of Theo
rem 4. When we set m0=0, we do have the solution (ap, /3)P=O• and therefore 
no solutions other than that. Thus we find that spontaneous breaking of chiral 
symmetry does not occur for weak coupling irrespective of the magnitude of the 
cutoff A in the vector-gluon model. 

As a final remark of this subsection, we state that if we go along the same 
line as stated above, also in the case of the Feynman gauge with the cutoff, we 
can prove Theorem 2-b. In this case, we note the following: 

and 

1-ILAI<-K, 
4 

IKAI<K 

(2·29) 

From (2·29), if g2<1, we can.arrive at the following inequality which corresponds 
to inequality (2 · 26) in the "Landau-like" gauge: 
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(2 ·30) 

It immediately follows that 
4-2 rra!'- a2'll< 1 u 2 rra1- a211 . -g 

(2·31) 

If !r<l/5, we find that 4g2/ (1- g2) <1, and thus Theorem 2-b 1s proved. 

2-b Rather strong coupling case 

Proof of Theorem 5 

We consider Eq. (2·13) for rather strong coupling in the case m0 =0, and 
intend to prove that there exists another solution (a.,, m' where /9 is a nonvanishing 
function, in addition to the solution (a0, 0). We modify the function space Db 
to Db', i.e., 

where 
-2 

aM= 1 + _ff___ ; 
8a;m 

am: Kc*am =Amaxam, Amax is a maximum eigenvalue, and am is a positive definite 
_f2 function normalized as Max am= 1, 

and the c is a positive infinitesimal quantity, and will be determined later. It is 
self-evident that the identically vanishing a is a solution, and we define Db' so 
that D/ does not contain the identically vanishing a. If we can show that there 
exists a solution a in D/~ we then complete the proof of Theorem 5. 

We define a mapping ¢ whose domain is D{, -as 

¢·a=g2Kc* xa 
xar/+a2 (2·33) 

The main problem is to show the mapping ¢ is an into-mapping of Db'· After showing 
that, we can 'adapt the fixed point Theorem I in the paper I since the space Db' 
satisfies the conditions in Theorem I, and conclude the existence of nonzero solution a. First we note the mapping ¢ is a continuous mapping so long as O<g2<2; 
which is shown in the argument about Eq. (2 · 20) in 'the proof of Theorem 6. 
In order to determine a suitable lower bound of D/ so that the mapping ¢ be 
an into-mapping, we note the following: 

¢·a=g2Kc*__3#->g2Kc* xa aM(. g2 )Kc* x(a/aM) , (2·34) xar/+a2 xaM2 +a2 aM2 x+ Ca/aMY 
and the last part can be proved to be larger than am(cam) if (g2/am2) ·Amax>1 
and c is sufficiently small, exactly in the same way as in · 3-c in the paper I,. since 
the kernel Kc belongs to the J( which is defined below Eq. (1·8). I tis shown 
in the Appendix that the Kc is a positive definite function, and it is easily checked 
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Spontaneous Breaking of Chiral Symmetry zn a Vector-Gluon Model 873 

as m the paper I that the conditions ii) to v) hold for the Kc. Therefore if 

( :~2 ) • Amax>1, (2 • 35) 

it follows that 

It is thus· assured that the mapping¢ is the into-mapping. Since Amax~4 as A~oo, 

the above condition (2 · 35) becomes 

which is seen to be satisfied so long as 

g"/4n>g/f4n=0.259n. (2·38) 

This conclude the proof of Theorem 5. 
Here we find through the above proof that Theorem 3 can be generalized 

in the following form: We define the nonlinear integral equation as 

{3(:i) =g2 r=dyK(x,y). y{3(y) , 
Jo ya2(y) +{32(y) 

(2·39) 

when the a(y) is a given function such that 

and the am and the ~M are constants. 

Theorem 3': There exists a norivanishing solution {3 (also - {3) along with 

an identically vanishing one, {3=0, for Eq. (2·39), ifKEJ( and (g2jaM2 )Am>l. 

A set of kernels J( which appears in Theorem 3', is given below Eq. (1· 8) 

in § 1. 

Proof of Theorem 6 

We show that the solution (a, {3) becomes unique so long as the value m 0 

is. sufficiently large, even in the case of rather strong coupling. We notice that 

. Eq. (2; 20) is valid so long as O<g2<2, that is 

{3/-{3/ = [ ~g2Kcii/IIpa*{J- ( -g2) (IIpa)-I(Lcllaa)Jlpa} -I*U2(Jlpa) -ILcJlpa 

+ U2 Kcll/] * ({31- {3.). (2 '20) 

Our aim here is to show that the mapping (2 ·14) is contraction m 

sense even for rather strong coupling, only if m 0 is. sufficiently large. 

·note that the kernels which appear in the Eq-. (2 · 20) are all bounded 

suitable .£"-kernels independent of m 0,. as follows: 

IKcJiaPJipai<IKclam - 4 , 

I (Jlpa)-1 (Leila a) (lip a)'l <'X112 I LciY-112am-2 

the strict 

First we 

above by 

(2. 40) 

(2·41) 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/54/3/860/1916004 by guest on 17 M

ay 2023



874 T. Maskawa and H. Nakajima 

and 

(2·42) 

The right-hand sides of the inequalities (2·40), (2•41) and (2·42) follow from 
the inequalities (3 ·57) in the paper I and are found to be _f!-kernels. Since the 
inverse of the braces of (2 · 20) is well defined for O<g2<2, the sum of the 
kernels in the square brackets of Eq. (2 · 20) is also an _f!-kernel, which we 
difine as T, and is bounded above by a suitable _f!-kernel independent of m 0 , 

which we define as T. On the other hand, it is easily seen that t(x) in the 
definition of Db, (2 · 6), is bounded above by a suitable constant independent of m 0, 

which we define as l, smce 

(2 ·43) 

Noting also in the definition (2·5) that s(x) is bounded above by s(O) independent 
of m0, we find that 

1-s(O) <a<1 +s(O) (2·44) 

and 

(2· 45) 

Then it follows from the definition (3 ·57) in the paper I, that lip", II/ and II/ . 
tend uniformly to zero as m 0 tends to infinity, for any /3 in Db. Therefore IKe· 
ll/llp"l and JK.II/1 tend to zero as m 0 tends to infinity and from the Lebesgue 
convergence theorem T tends to zero and I!TI! as well, since 

JTI<T, (2·46) 

as m 0 tends to infinity. Thus we find on the right-hand side of the inequality, 

that IITII can be made arbitrarily small 
for sufficiently large m 0 which can be 
chosen independent of any /31 and /32 in 
the domain Db; this concludes the proof 
of Theorem 6. It is finally notable that 
the solution a and the solution /3 tend 
to be identically equal to one and to m 0 , 

respectively, when m 0 tends to infinity, 
which is easily seen from the form of 
Eqs. (2·1a) and (2·1b). 

The obtained results through all the 
theorems are depicted, with the help of 
physical reasoning, in Fig. 1. 

theorems 3,5 

Fig. 1. The relation of bare mass mo and {3(0) 
in the obtained solutions. The bold line 
and curves indicate the results assured 
through theorems. 
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§ 3. Comments on some attempts at the dynamical Higgs mechanism 

In connection with our analyses we would like to comment on some attempts 
at the dynamical Higgs mechanism of Refs. 4) and 5). In the dynamical Higgs 
mechanism, i.e., the Higgs mechanism without canonical Higgs' scalar, a composite 
Nambu-Goldstone boson (massless excitation) which supersedes the Higgs scalar, 
is necessary. Generally, one utilizes the fact that if the theory really has spon
taneous symmetry-breaking mass generation of the fermion, then satisfactorily, there 
appears the massless excitation. However, at the point where one chooses a requir
ed solution ({3~0), one should be very careful not to take a solution resulting 
from nonc.onservation of the current (in the sense stated in the part (1) of § 1), 
but to take a solution which makes the current conserved. Despite of careful 
reasoning on this point in Ref. 4), essentially the same solutions as those resulting 
from nonconservation of the current were finally taken both in Refs. 4) and 5). 
We proved, as shown in Theorems 3 and/or 4, that no symmetry-breaking solution 
exists if the coupling is weak. Therefore, although their formalisms are promising, 
the solutions that they took are not suitable for their formalisms, or the solutions 
cause internal inconsistency in the formalisms. We discuss this point, firstly in 
the case of Ref. 4). I:o. that paper, the operator equation a ,j5" = 0 is derived from 
the equation of motion a"F~'"=g'j5" and from the antisymmetry of F""' while the 
solution ({3~0) of the Schwinger-Dyson equation for weak coupling requires an 
infinitesimal bare mass in the cutoff version as stated in the part (1) in § 1 and 
assured in the part (2) and/or in the part ( 4) -a .. Therefore the operator equation 
a pj5p = 2moii/ir5<P of which the right-hand side is clearly not vanishing, follows from 
the equation of motion of the fermion :field through the Lagrangian with the bare mass 
term added. On the other hand a.FIJP = g' j5p is still valid even in the presence 
of the bare mass term and a 11j 511 = 0 again follows. In such situation, the manipu
lation of a given Lagrangian causes internal inconsistency. However, in general 
there do exist solutions resulting from that a11j5"~0 for the Schwinger-Dyson equa
tion even when m 0 = 0, which is fully discussed in this paper and was already 
described in the paper of Baker and Johnson.3> Since the formalism of Ref. 4) 
is internally inconsistent if a11j511~0, it cannot be used for the criterion whether a 
solution for the Schwinger-Dyson equation should make the a11 j 5, equal to zero, 
or not. In other words, in order to make the formalism successful, one should 
take another solution which requires no bare mass even in the cutoff version. 
The situation is exactly the same also in Ref. 5). In Ref. 5), the Schwinger-Dyson 
equation of 'the order g2, g'2 version, may look somewhat different from that of 
massless QED at first sight, but they are essentially the same as seen in the 
following: We define the a and {3 as 

(3·1) 

To the first order approximation in the Landau gauge, it follows that 
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(3·2) 

and the equations for /38 and /3. are 

/3 =g- 2K*x u/3, +g-•K*x(-w)/3. 
I I 2 ·2 I 2' 2 ' u -w u -w 

(3·3) 

(3·4) 

where 

g/= (g'+g'') I (2n)', g.'=(g•-g'~) I (2n) 2, 

u=x+ (/3/+/3.2), w=2/3./3. 
and 

K = K/l.r"'=O . 

If we specifically put /3,=0, Eq. (3 · 3) is satisfied and Eq. (3 · 4) where the nonzero 
solution /3. is expected, becomes 

·(3·5) 

which is exactly the same as Eq. (l·lb) with ,tt0 =0, m 0 =0 and a=l. Since the 
solution to Eq. (3 · 5) in weak coupling requires that infinitesimal· bare mass in 
the cutoff version which breaks the symmetry from the beginning, i.e., r,-current 
conservation here, the same contradiction as stated above occ)lrs. 

Finally we conclude that although the solution for weak coupling is taken 
as a spontaneously symmetry-breaking solution in Refs. 4) and 5), our analyses 
can be adapted to both of the' models and there exists no spontaneously symmetry
breaking solution for weak coupling (more specifically,, see Theorem 2-b and/ or 
Theorem 4) and the spontaneous symmetry breaking occurs for rather strong 
coupling (more specifically, see Theorem 5). *l 
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Appendix 

The,proof of the positive definiteness of the function Kc(x,y) 

The Kc(x, y) is defined as 

Kc(x, y) =K11,(x, y) -KA,(x, y), 

*l If we define g' and g'" introduced in Ref. 4) as g' (Ref. 4)) and g" (Ref. 4)), respectively,
and replace g' with g' (Ref. 4)) -g" (Ref. 4)) in all the theorems in this paper, these theorems· 
are valid for the model in Ref. 4). 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/54/3/860/1916004 by guest on 17 M

ay 2023



Spontaneous Breaking of Chiral Symmetry in a Vector-Gluon Model 877 

where . ··~ 

Kl',(x, y) = Jl dz.j"f=Z2. 4- (x+2.J."XYz+y)j(x+2.Jxyz+y+ ttz) 
- -1 2n x+2.Jxyz+y+tt2 

Defining v 2 as 

x+2.Jxyz+y=v2 , 

where 

we find that 

and 

and therefore 
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