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The Bose representatiOn of physical variables corresponding to a Fermi system was 

shown in a previous paper. However, as Bose operators they had a very unorthodox 

appearance. In the present paper we show that the Bose representation of such Fermi 

variables can be put into the usual forms of bmoon variables. One part of the results IS 

extended to para-Fermi statistics. 

§ l. Introduction 

In the first part of this series, 1) to be called (I) m what follows, we have 

shown a generalized and simplified ,-ersion of the Bose representation of Fermi and 

para-Fermi quantum fields proposed by Kademova, Mac Cotrina and Kalnay.'l The 

Fermi or para-Fermi fields .h(z), f/ (z) are expressed in terms of the Bose fields 

b,(x),b1 (x) accordingtoEqs. (1·5) of (I), i.e., 

f~; (z) = S d 3x S d 3x' };oiF;;rt· (z, x, x') b1 + (x) b1, (x'), (1·1a) 

(1·1b) 

The Fermi state vector space is the one-boson subspace 931• The para-Fermi com

mutation rules are obtained when the fields (1·1) act on the whole Bose state 

vector space £13 or in certain subspaces. The representations of the Fermi or 

para-Fermi commutation relations may be Fock or non-Fock representations, accord

ing to whether the matrix f<(z) of elements Fw;·(Z,x,z') stands for a Fock or 

non-Fock representation of the Fermi commutation relation. (Cf. paper (I).) In 

the Appendix of Ref. 2) we proved that a Bose Hamiltonian H!!J exists such that 

the Fermi field /,(z) evolves according to Dirac's equation. The unpleasant feature 

of If!!J is that it is not bilinear in the Bose fields b, + (x), b, (x). A similar problem 

arises ·with all representations of Fermi physical variables. See Ref. 3): If 

Q'if (/,/+) is a Fermi physical variable, its Bose representation is essentially equal to 
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298 A. J. Kalnay and E. l\fac Cotrina 

QC£[f(b,b-),F-Cb,b-)l where f(b,b) is the Bose representation (1·la) of the 

annihilation part of the Fermi field. As a consequence, if QC£ (f,f+) is bilinear in 

the Fermi fields, Q !JJ ( b, b-) is not bilinear in the Bose fields. This fact makes 

the physical interpretation of the reSL!lts difficult. 

The purpose of this paper is to show that for Fermi fields the Bose representa

tive of the Fermi physical variables can be expressed as bilinear forms in the 

Bose fields. Some work will also be done on the Bose representation of para

Fermi fields in § 3. The notation will be the same as that of paper (I). 

§ 2. Fermion;; 

A. Properties valid for general representation of the Fermi anticommutation 

relations 

Theorem 2 · 1: Let 

(2 ·1) 

be the Bose representative of a Fermi physical ntriable. Let o1 (b, b') be an 

arbitrary operator with more than one Bose annihilation operator b,(x) as the 

last right factors, i.e., such that 

where 93 1 is the one-boson subspace. Then, there exists a c-number field 

such that the Bose operator 

equals !2!'J in 93 1 • 

(2·2) 

(x, x') 

(2· 3) 

Proof: Because of Eqs. (1.1 ), the operators f,(z ), .f,- (z ), and hence the operator 

!2 9 , transform _Cf3 1 into .CJJ* C _Cf3,. On the other hand (2.3) is the more general 

operator acting on _Cf3 1• C 

Remark 2·2: We stress that 93 1 is the Bose representative of the state \'ector 

space 'J 1 of the Fermi algebra (Theorem 3 ·1 of (I)). 

Theorem 2 · 3: If the operator !2 C£ has the form 

QCf = L sd3Z Sdv ft + (z)fg, (z') c[,, (z, z')' ,,, (2·4) 

where the Cfe (z, z') are e-n umber coefficients. then 

(2 ·5) 

Proof: Use Eqs. (1·1) and the properties of the Bose fields :*l 

(2·6a) 

*) If needed, see the details of the matrix notation concerning the F, (z) and F,+ (z) in § 2 of (I). 
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(2· 7) 

The compu.tation results in a straight course. 0 

B. Properties valid for the Fock representation of the Fermi anticommuta
tion relations 

Let <J;, (z), i = 1, 2, · · ·; ~ = 1, 2, · · ·, T, be a complete orthonormal set of functions 

~ J d 3z v~(z)xu,;(z) =ow, (2 · 8a) 

L v~ (z) vw (z') = owo (z- z'). (2. 8b) 
' 

It JS known that through the relations 

fg (z) =LV;,; (z)f,., (2 · 9a) 
i 

(2·9b) 

the Fermi field f,(z) can be described in terms of a numerable set f~ of second 

quantization Fermi operators: 

[f,.,f,., L =owl, 

[f;,f~,]c =0. 

(2·10a) 

(2·10b) 

Similarly the Bose field b, (x) can be described m terms of a numerable set 

of Bose second quantization operators br with the help of another complete ortho

normal set of functions Urs(x), r=l, 2, ···, (=1, 2, ···, R. (Cf. e.g., the Lemma 

of § 5 of Ref. 2) .) From Theorem 5 ·1 of Ref. 2) (or by direct computation) we 

see that the matrices Fi defined by 

are Fermi matrices. Finally, from § 3 of (I) (or again by direct computation) 

've see that the representation of Fermi fields h(z) in terms of Bose fields 

b,(x) is equivalent to a numerable representation on !13 1 of a numerable set 
of second quantization Fermi operators f,.. Instead of Eqs. (1·1) we have 

f,. = L (F;)rsbr + b, , (2 ·12a) 
rs 

f,. + = L (F; +)rsbr +b,. (2 ·12b) 
rs 

For details see § 5 of Ref. 2). For the c-number role of the (F,.)r, discussion 

can be given identical to the one offered in § 2 of (I) concerning the role of the 

F,cc, (z, x, x'). 

We stress that because of Theorem 3·3 of (I), theh(z) and the F,(z) belong 
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to the same Fock representation. Thus, the fi and the F, also belong to a Fock 

representation. Upto unitary equivalence we can use the Jordan-Wigner41 form of 

the matrices F,, which was also used in Eq. ( 4 ·1) of Ref. 2): 

= 
(Fi)r,=(-1)::'h'''k'(1-;J./)o1,,,+'·'''' TI Op''"''· 

l=I, t=/=i 
(2 ·13) 

Here the 11/ = 0, 1 are such that ,LI:;,ax · .. f1 3r 11/ f1 1r are the binary arithmetic expres

sions of the number r -1. (See § 2.1 of Ref. 2) for details.) Then by direct 

computation we deduce: 

Lemma 2 · 4 In the ]ordan-Wigner representation the equality 

(2 ·14) 

holds. 

Theorem 2·5: If the operator .Qq has the form 

Qq =I: f, + fi(lliCI , (2. 15) 
i 

then the Bose operator .Q!JJ which equals Qg on ~f=$1 has the same form 

Q 9J = I: br + brWr 9J , (2 ·16) 
r 

where 

U)/A = L..: Wi 2 fl/ < 08 · (2 ·17) 
l 

Proof: Use Theorem 2 · 3 and the Lemma 2 · 4. 

Corollary 2 · 6: If all wiq are real, the same occurs with all Wr . If all are 

positive, the 

Proof: 
same occurs with all tDr ". 

Direct from Eq. (2 ·17). D 
Remark 2·7: From the above it follows that if .Qg is a 3-momentum (a charge 

or a Hamiltonian operator), then JJ 9J has formal properties of a 3-momentum (a 

charge or a Hamiltonian operator). 

§ 3. Parafermions 

Theorem 3 ·1: Let 

(3·1) 

be the Bose representative of a para-Fermi physical variable corresponding to an 

irreducible Fock representation of the para-Fermi algebra, and to an order P of 

parastatistics. Let Op(b, b+) be an arbitrary Bose operator having more than P 
Bose annihilation operators b,(x) as the last right factor, i.e., such that 

(3·2) 

where $P rs the p-boson subspace. Then there exists a c-number field 
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such that the Bose operator 

(3. 3) 

equals Q !B on 93 I' 
Proof: Because of Eqs. (1.1) the operators f<(z), f/(z), and hence the operator 

Q !B• transform 93P into 93* C 93v· On the other hand, (3 · 3) is the more general 

operator on .93r 
Remark 3 · 2: 

D 
We stress that _t}3P is the Bose representative of the state vector 

spaces g:P of an irreducible Fock representation of a para-Fermi algebra of order 

jJ. (Theorem 4 · 7 of (I).) 

Remark 3·3: For parafermions we do not state a theorem like (2·3) for the 

following reason: If the operator Q'J' is of the form (2·4), but with .~(z) no\Y 

being a para-Fermi field, then by direct replacement of Eqs. (1 ·1) one deduces 

for all values of p that Q!B has the form 

(3. 4) 

A theorem like 2 · 3 would simply allow us to compute the coefficients c~:, .... t:a'··· 

(-··Xa"·xa/ ... ) in (3·3). Howe\·er, for P>1 the form (3·3) is not so simple as 

(3 · 4) so that a theorem would not be useful. On the other hand, the case p = 1 

of para-Fermi statistics is known to be identical to the Fermi statistics case which 

was covered in § 2. Finally, a theorem like 3 ·1 is useful for higher order statis

tics if Q <JC contains terms such that the number of h (z) and h + (z) factors is 

greater than two. 
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