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Effect of the spin-orbit interaction is studied for the random potential scattering in two 

dimensions by the renormalization group method. It is shown that the localization behaviors 

are classified in the three different types depending on the symmetry. The recent observation 

of the negative magnetoresistance of MOSFET is discussed. 

In recent experiments on MOSFET by 

Kawaguchi et al.,u it was found that 

electrons confined in the MOS inversion 

layer exhibit the negative magnetoresist

ance. This effect is closely related to the 

localization problem in a random potential. 

In two dimensions, the quantum inter

ference is important and, if the impurity 

scattering is spin-independent, the con

ductivity vanishes at zero temperature 

even when the scattering is very weak. 2> 

The applied magnetic field suppresses the 

quantum effect, which results in the 

negative magnetoresistance. The experi

ments can qualitatively be explained by 

this mechanism. In order to get quanti

tative agreement, however, it is important 

to include the spin-orbit interaction and 

the magnetic scattering by impurity spins, 

since these interactions have different 

symmetries. vVe will show that the system 

becomes conductive if the spin-orbit inter

action is strong and that the agreement 

is improved by this effect. 

The Born amplitude of the impurity 

scattering is generally given by 

where a and (3 denote the index of spin 
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Fig. 1. 

and the second and the third terms are 

respectively the spin-orbit coupling and 

the magnetic scattering by the impurity 

spin S. 
The conductivity is formulated by the 

Green function diagrammatic technique. Sl 

For the random potential problem, the 

small perturbative parameter is the di

mensionless resistance fi/ Er, E being the 

Fermi energy and r the relaxation time. 

It is shown that the ladder diagram gives 

the one-loop order for the renormalization 

group equation of the resistance. 

The ladder diagram (Fig. 1) was studied 

for the spin independent case.4 > For 

general case, taking account of the space 

anisotropy, we have 

(2) 

where 
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z= nb2 (p xj/')/=nb2 (p xp')y 2 

1 
--217Yr:o ' 

v is the density of states and n the 
impurity concentration. The self energy 
part ~ is given by 

~- z -T0 Jvcd~ ..._. - 2 '[" - a/3{30 ":> 

i(11 1,2 2l 
= -~· + z + - z T- X+- x- ( • 2 r 0 r so .. s r so r s J 

(4) 

The summation of the ladder diagrams 
Is obtained as 

II= J vGGd~=2rcv-:(1-r:Dq2 +i(ur), 
(6) 

where D is diffusion constant. 
The conductivity u is given as 

_ e 2 2 'V"' , e a 2J ( ., ) U-Uo-h GRGA dv ra:J,Jad,dq, 

(7) 

where v IS Fermi velocity. If we write 
r a~ril as 

The vertex T "'"~" is written as 

T crppa=2(A+B+2C) 

+ 2.1:_ _____ 1_- -- -} 
D 2 • 1 2(' 1 2 ) • q-uo, ·-z+:::x_ 

~ s " so 

(9) 

Now three distinguished cases appear: 
1) If there is neither the spin-orbit 
interaction nor the magnetic scattering 
(1/ r so= 1/ r, = 0), the first term of (9) 
gives the diffusion pole and the second 
and the third terms cancel each other. 
Then we have a logarithmic term from 
the first term. This is the orthogonal 
case and has already been studied.4 l •5 ) 

2) If magnetic scattering is strong (1/r, * 0), we have no diffusion pole in (9) 
and no logarithmic term. 6 l This is the 
unitary case. 
3) If there is no magnetic scattering 
and the spin-orbit interaction is strong 
(1/r,=O, 1/r:o*O), we have a diffusion 
pole in the second term of (9). The 
logarithmic term appears with the coeffi
cient of -1/2. This is the symplectic case. 
In strict two dimensions, the spin-orbit 
interaction has only the .z-component 
(1/-::0 =0, 1/r:o*O). Then, if 1/r,=O, the 
behavior of the system becomes the same 
as the unitary case without logarithmic 
term. 

Vve consider the renormalization group 
equation with a cutoff parameter w or the 
size L of a system in two dimensions 
((u "'"'DL - 2). The conductivity (7) IS 
written by 

ae2 

u = u 0 - -=-'·'"- ln L , 
" n 

(10) 

which leads to the following renormaliza
tion group equation: 

dR - R2 O(Rs) dlnL-a + · (11) 

The value of a is 1, 0 and -1/2 for the 
orthogonal, unitary and symplectic case, 
respectively. These three ensembles ap
pear also for the random matrix problem.7l 

An equivalent field theoretical model 
to this random potential problem is dis-
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cussed by the replica method.8 ' This 
field theoretical model is the generalized 
non-linear rJ model9 ' which has the gauge 
invariance. The Hamiltonian is given by 

(12) 

where P(x) is the projection matrix and 
belongs to the groups O(N) jO(p) 
xO(N-p), U(N)/U(p) X U(N-p) and 
Sp(N)/ Sp(p) X Sp(N-p) for the orthogonal, 
unitary and symplectic cases, respectively, 
with two replications p=O and N=O. 

The renormalization group function (3 (t) 
= otjo ln jJ. agrees with the two loop 
calculation10 ' by the Green function method 
for the orthogonal case. For the unitary 
and symplectic cases, both methods give 
the same result up to one-loop. The cor
respondence between two models are given 
by t= -R/2 and fJ.=L- 1• The 11-function 
IS calculated9' as 

{3(t) =Et+b1t 2 +b2t 3, (13) 

where E is d-2 and b1 takes the value 
2, 0, -1 for the orthogonal, unitary and 
symplectic case, respectively. For the 
unitary case b2 becomes -2. For the 
orthogonal case, b2 is zero. It is concluded 
that the system is localized for the or
thogonal and unitary cases, and that the 
conductivity becomes infinite for the sym
plectic case at zero temperature. 

At finite temperatures, the cutoff param
eter w or DL - 2 is replaced by the inverse 
of the energy relaxation time 1/ r,; 1/ r, 
is proportional to T 3jh8D or T 2/E de
pending whether the electron-phonon or 
electron-electron mechanism dominates. 
At high temperatures, 1/r, becomes larger 
than 1/ r so or 1/ r s and we have the be
havior of the orthogonal case. At low 
temperatures, the conductivity increases 
with decreasing temperature for the case 
of the spin-orbit interaction without mag
netic scattering. 

In a transverse magnetic field, we have 

II (r, r') = v J G (r, r') G (r, r') d~ 

=2nvr~(1-4r~;H(n+ ~) 

- iwr )cf;n * (r) cf;n (r') (14) 

and 

T(r, r') =T0 (r)o(r-r') 

+ ro (r) II (r, r') r (r, r'). (15) 

It gives 

S eH 1 r a{3{3a(r, r)dr=~. --2-
nc 7r vr 

1 1 l +-z 1 1 ' a(n+-)+-2 !"g 

where a=4DeH/hc, 

1 1 2 2 1 . 
-=----z+----x+-x-+--t(l)' 
!" 1 !"so !"so !" s !". 

1 2 4 1 . -=--+--+--t(l) 
r2 r,' rs"' r, ' 

1 2 4 1 . -=--. +----x+--t(l). 
!"s !" s r so r, 

(16) 

The conductivity in a magnetic field rs 
given by 

e2 
[ ( 1 1 ) ( 1 1 ) CJ=(J --- cf; -+- -cf; -+-

0 2n 2h 2 ra 2 r 1a 

+ l_cf; (1_ + ___l_) _l_cf; (1_ + ___l_)J 
2 2 r 2a 2 2 r 3a ' 

(17) 

where cf; is the Digamma function. We 
obtain for 1/ra~1, 
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JIJ = 1J (H) -IJ (0) 

If the spin-orbit interaction and the mag
netic scattering are weak (1/ r 1 = 1/ r 2 

=1/r 3 =11-rJ, we have a=l. 101 If L'r 2 

satisfies 

we have the symplectic case with a= -1 1 2. 
The case a=O (unitary) is given by the 
strong magnetic scattering 1/ ar s~ 1. For 
extreme cases, (18) gives 

e~h ~ 1.2 X lo-s .Q-1) 
vVhen the spin-orbit and the magnetic 

scatterings are absent, LlR= -R2JIJ is 
negative since a= 1. If the spin-orbit 
interaction is strong, JR becomes positive 
and if the magnetic scattering is suffici
ently strong, JR must be small. These 
theoretical arguments are applied to the 
observation of the negative magnetoresis
tance in MOSFET by Kawaguchi et al.U 
We note that 1/ r:o vanishes if the system 
is purely two dimensional and we have 
a=O even when there is no magnetic 
impurity. In MOSFET, 1/r:o may be 

small. The data of the negative magneto
resistance shows a::= 1/2. The deviation 
of a from one is interpreted as a crossO\-er 
to the unitary case or to the symplectic 
case. 
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Y. Kawaguchi and Professor S. Kawaji 
for making their experimental results 
available prior to publication. One of the 
authors (A.L.) thanks the Japan Society 
for the Promotion of Science for financial 
support and Research Institute for Funda
mental Physics for hospitality. 
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