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We investigate the restoration of the symmetry breakdown inherent to the ground state from a 
viewpoint of the classical quantization of time-dependent mean field. We take two examples of trans· 
lational motion of nuclei and rotation of pseudo-spin in the degenerate BCS model. A possible extension 
is also suggested. 

§ 1. Introduction 

The collective motion inherent to the degeneracy of the ground state is a characteris
tics in quantum many-body theory. Rotational motion of nuclei is known to be a typical 
example which is understood to be caused by the degeneracy of the intrinsic state with 
respect to the orientation of nuclei. The violation of rotational symmetry is usually 
restored by the angular momentum projection. 1> The projection method is very general 
and fully quantum mechanical but it lacks intuitive appeal. An intuitive way of pursuing 
the collective motion associated with such broken symmetry can be performed on the basis 
of semiclassical approach. The time-dependent mean field or Hartree-Fock theory 
(TDHF) has long been known to provide a promising tool for such semiclassical 
approach. 2> Indeed, the TDHF formalism would give a natural way for describing the 
motion of wave packets violating symmetries and enable us to formulate a restoration of 
symmetry violation in a purely classical framework. The utility of TDHF has recently 
been demonstrated for the rotational motion in high spin region (precession and/ or 
wobbling) without using the assumption of small oscillation. 3> The naive mean-field 
theory does not, however, serve as the device of "quantization". In this regard, recently, 
quantum mean-field theory has been systematically developed on the basis of the path 
integral methods in several forms. 4>-s> The path integral approaches have been shown to 
naturally involve the mean-field theory as a classical limit. In particular, these have 
proved to result in the approximate quantization rule for the periodic mean field solu
tions4>.s),6b),s> which can be regarded as a many-body counterpart of the classical quantiza
tion a la Bohr-Sommerfeld-Einstein in old quantum mechanics. A similar quantization 
rule has been derived within a quite different idea of "gauge invariant periodic quanti
zation".9> This approximate quantization is indeed useful for evaluating the bound state 
spectra of the system in which the classical solution of the mean field equations is 
governed by the non-linearity of the equations which cannot be treated by a simple 
perturbational method. 

The purpose of this paper is to investigate the restoration of symmetry violation from 
a view-point of the classical quantization which was derived on the basis of the coherent 
state path integral. 6b>,s> We consider two typical examples; the uniform translation of 
nuclei and the rotation of pseudo-spin in the degenerate BCS model ( § § 3 and 4 ). 
Although these have been frequently examined within various approaches, it is still 
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worthwhile to investigate from a novel point of view in the sense that they would provide 
a clue to the restoration of more involved symmetry violation. Indeed, we suggest a 
possible extension in § 5. 

§ 2. Classical quantization condition 

Our starting formula is the quantization rule based on the coherent-state 
formulation, s> 

lr<Z(t )iiha/atiZ(t )>dt =2mrh. (1) 

Here the set {IZ>} is the coherent-state of general class which is parametrized by the 
points of some complex parameter spaces and hence this formula is applicable to a wide 
class of many-body systems described by the generalized coherent state. Equation (1) is 
derived by applying the stationary phase approximation to the evolution operator expres
sed in the coherent-state path integral and, as is seen from its derivation, the integration 
in (1) is performed over closed orbits with the period T lying on the energy surface H(Z, 
Z*)=<ZIHIZ>=E. The classical orbits in the parameter space obey the equations of 
motion resulting from the variational equation 

o lr<Z( t )iiha/at- fiiZ( t )>dt =0. (2) 

By using the geometric device for the coherent state, Eq. (2) is brought into the 
canonical equations of motion in the generalized (curved) phase space, 

.h..., . aH z L....giizj=-a *, 
j Z; 

.h..., . * aH 
l "jgiiZj =- az; (3) 

with g; I the metric tensor of the parameter space. In the same way, the quantization rule 
is cast into the form 

f ih ~( alogF d .- alogF d ·*)= 2 h 
2 ~ a . z' a . * z' nlf ' z~l Zz Z, 

(4) 

where F is the (un-normalized) overlap kernel of the coherent state. 

§ 3. Translational motion 

First, we consider the translational motion of nuclei. In this case, we utilize the 
Thouless type determinantal state for the coherent state. It is also converted into the 
familiar coordinate representation, 

N 

<x!···xNIZ>=<x!···xNI n Ck+io>=det{¢k(xJ}, (5) 
k~! 

where the" orbital functions ¢k are assumed to be orthonormalized. By using (5), the 
quantization rule becomes 

(6) 
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with ¢k's satisfying the periodicity condition ¢k(x, t+ T)=¢k(x, t). The variational 
equation (2) leads to the familiar TDHF equation written in the non-linear Schrodinger
like equation 

where H is the mean-field Hamiltonian 

(8) 

Now the TDHF equation (7) is shown to admit the solutions involving the structure 
of uniform translation in a certain direction (x -direction), 

¢k(x, t)=exp(-imv(x+vt)/h]¢k(x+vt,y, z). (9) 

Here ik's are the internal wave packets and assumed to be real without loss of generality. 
The form ( 9) can be constructed by imposing the Galileian transformation x ~ x + vt == x 
+X ( t) to the internal wave packets at t = 0; ¢ k(x, y, z ). It should be noted that the 
expression (9) is equivalent to the one used in the conventional TDHF2

) formalism where 
the Galileian-transformed wave packet is given in terms of density matrix. However, the 
density matrix is not convenient for the classical quantization. By using the relation 

~~k =( -i ~ ik+ ~~k )exp[-imv(x+X(t))/h], (10) 

the kinetic energy of center-of-mass motion in exactly separated from the mean-field 
Hamiltonian, 

(11) 

where we have used the normalization of ik. P( =Nmv=Mv) is the momentum con
jugate to the center-of-mass coordinate X(t ), which coincides with the one appearing in 
the quantization rule (see below). The second term of ( 11 ), which represents the internal 
energy, is independent of X( t) and this indicates that the determinantal state constructed 
from the wave packets (9) is degenerate with respect to the translation of the system. 
Equation of motion is thus reduced to the form X= P/ M, P = 0, the first of which shows 
that the center-of-mass motion arises as a consequence of the degeneracy of the deter· 
minantal state and the second represents the conservation of momentum. 

We now examine the quantization rule ( 6 ). In order to do this, the following chain 
rule is crucial, 

i.. = o¢k ox' =X· o¢k 
'1-'k ox' at ax' (12) 
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with x' = x +X( t ). With the aid of (12 ), Eq. (6) is reduced to 

1TP)(dt=2mrh, 

where P is given by 

f 
N-

= mv ~~ ¢;/dx= Nmv, 

1043 

(13) 

(14) 

which just coincides with the momentum defined above. Further if we impose the 

periodicity for the coordinate X( t ); X(t + T) =X( t ), (13) yields 

PL=2mrh or P=2mrh/L, (15) 

where L(=vT) is the length of the periodic box in which the system is confined. 

Equation (15) is nothing but the quantization of total momentum and this can be consider

ed to correspond to picking up the momentum eigenstate by utilizing the projection 

method in full quantum mechanical framework. 

§ 4. Rotation of pseudo-spin 

Next, we consider the degenerate BCS model;*) the Hamiltonian is given by 

fi= -g(S+S-+S-S+) (16) 

with S± being the usual pseudo-spin and the dimension of the shell be 2.Q. The BCS 

vacuum is constructed as the SU(2) coherent state11
) 

where z =tan~ fJe-i"' is the stereographic projection of the Bloch sphere. The expectation 

value of (16) with respect to (17) is evaluated as 

H =- g( <S+><S->+<S-><S+> ), (18) 

where we have adopted the decoupling of the product of the spin operator as <S+S->---" 

<S+>(S->**l and use <S±>=.Q/2 sinfJe±;"'· Note that in Eq. (18) the dependence of the 

azimuthial angle ¢; ("gauge angle") drops off and this feature just reflects that the BCS 

wave packet (17) is degenerate with respect to the symmetry generated by the angle ¢;. In 

this way, the classical equations of motion ( 2) turn out to be 12
) 

& = -2 aH =o 
.Qsin f) a<J; 

;, = + 2 aH 2 .Q e 
'I' .Q sin f) ae = - g cos . 

*) This model has been examined within alternative functional integral approaches, e.g., Ref. 10 ). 

(19) 

**) Here we consider the case of large Q where the quantum fluctuation of order O(l/ Q) can be neglected and 

the quasiclassical approximation becomes accurate. 
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Alternatively, by introducing the variable P == (Q/ 2 )cos8 which is regarded as the 
momentum conjugate to¢, the Hamiltonian (18) becomes H==-(g/2)Q 2 +2gP2 and 
equations of motion yield 

P=O, ¢=-4gP. (20) 

The equilibrium solution of (20) is given by P=O and ¢=¢o(const), which corresponds to 
the static BCS state with fixed gauge ¢o. Besides this, we have a time-dependent solution 

Q 
P=---zcosa(*O), 

¢= r/Jo+wt, 

(a=const) 

w= -2gQcos a. (21) 

The second equation of (21) represents the steady-rotation of the pseudo-spin about a fixed 
axis, the physical meaning of which is that the classical motion of the BCS wave packet 
is naturally induced by the violation of the gauge symmetry associated with the angle¢. 
On the other hand, the conservation of momentum P(the first equation of (21)) implies 
that, noting the relation between P and the number of nucleon pair N ;N = P + Qj 2, the 
conservation of the number of nucleon is recovered within the classical level. However, 
this classical conservation is not sufficient since it does not lead to the discrete value for 
the nucleon number as is expected from the quantum mechanical aspect. In order to 
remedy this, we apply the quantization rule ( 4) to the BCS wave packet, thus we obtain 

hQf . -
2
- (1-cos 8)¢dt==2mrh, (22) 

where we have used the relation 

<Z(t )liha/atiZ(t )>= i'J! (1 +lzl 2 t 1(z* z -c.c) 

hQ . 
==-

2
-(1-cos8)¢ . (23) 

The solution (21) is apparently the closed orbit and hence the integral f ¢ dt turns out to 
be f5n: d¢ = 2Jr , then 

(24) 

or Q-N = n( n = 0, 1, · ·· ,Q ). Thus the number of nucleon pair takes the discrete value 

N=Q-n. 

The corresponding energy level is given by 

which is the so-called pairing rotational spectra. In this way, the reproduction of the 
discrete spectrum can be considered to correspond to selecting the eigenstate of nucleon 
number through the quantum mechanical projection method. 
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§ 5. Possible extension and discussion 

Although the examples considered here are rather simple, we expect that these 
provide a modest step towards the restoration of more involved symmetry violation. 

Here we sketch a possible extension of the restoration of number conservation 
discussed in § 4. The system concerned is the boson system. As is well known, the 
ground state of many-boson system exhibits the Bose condensation and the condensate 
state can be described by the boson coherent state. The condensate state is thus pa
rametrized by the "classical field" </J(x ). Hence the quantization rule may read13

l 

ihlT Ji . . 2 
0 

dt (</J*<P-<P<P*)dx=2mrh. (25) 

Now, the boson coherent state is not an eigenstate of the boson number. So, there arises 
a question to recover the eigenstate of boson number. This may be achieved by noting 
that </J(x, t) admits the solution of the form 

</J(x, t)=rf(x, t)exp[ia(t)], (26) 

i.e., obtained by imposing the uniform rotation of phase ("uniform" implies a =const). 
By substituting (26) into (25 ), we obtain 

hjNadt=27fNh=2mrh, 

where N =f ¢* ¢ dx is the boson number. Hence we get 

N = n(integers), 

(27) 

(28) 

which just corresponds to the eigenstate of the boson number. The above derivation is 
parallel to the one of § 4. Indeed, it is due to the fact that the restoration of number 
conservation inherents to the same origin for both the BCS and Bose condensate states. 
The details of the energy spectrum will be given elsewhere. 13

l 

The basic concept of the present procedure is summarized as follows: First, starting 
with the degenerate ground state, which is given by a sequence of the wave packet 
naturally realized by the general class of coherent state, we restore the conservation laws 
in the classical level through the motion of wave packet. Next, by reducing the quantiza
tion rule (1) to the collective degree of freedom associated with the conservation laws, we 
get the quantization of the conserved quantities. This procedure may be extended to the 
general situation. Namely, let!; be n conserved quantities,*) which may be transformed 
to the action variables by a suitable canonical transformation, and (); be the conjugate 
angle variables, then the quantization rule may become 

which yield !; = n;h. Thus, finding out the quantization for the conserved quantities, we 
can use these as the quantum numbers specifying the quantum mechanical collective 

*) The J,."s form a basis of the so-called "invariant tori", which are crucial for the Einstein quantization.") 
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1046 H. Kuratsuji 

states. The examples considered here may be regarded as special cases of thus general
ized situation, that is, the symmetries and conservation laws are familiar ones in the 
conventional many-body theory. However, the relation between conservation laws and 
symmetries is not always apparent as the examples considered here. That is, if we are 
concerned with a completely integrable system, for which we have conservation laws just 
equal to the degrees of freedom, some of the symmetries associated with the conserved 
quantities are beyond our intuition in contrast to the intuitive translational or rotational 
symmetry. 
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