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We consider Vaidya's classical spacetime which represents a mass decreasing black hole by means of 
an inward energy flow. To consider the particle creation in such a spacetime, we try to know the change 
of the particle creation rate of the black hole without considering ba<;k·reaction problem. We construct 
a model which varies its mass like V-I (V the usual advanced null time) to find that the particle creation 
i.n this spacetime is divergent at the final stage. This result means that a real evaporating black hole is 
not represented by this model, and therefore suggests that the appearance of a zero mass naked singularity 
cannot be avoided. 

§ 1. Introduction 

Hawking's discovery that a black hole formed by collapsing matter emits blackbody 
radiation whose temperature is proportional to its surface gravityl) is a great stimulus to 
the quantum field theory in curved spacetime. Though the original calculation of the 
Hawking radiation is done by assuming the stationariness of black hole, the black hole 
must reduce its mass by the requirement of the energy conservation.7l Then it will be 
interesting to investigate the changing rate of the mass and the radiation of the black hole 
by considering back-reaction effect. To attack this problem straightforwardly, it is 
necessary to solve dynamically the semiclassical Einstein equations with the energy
momentum tensor of the created particles as the source. However, this approach is 
technically very difficult. In view of this, as the first step to investigate the dynamical 
evolution of a radiating black hole, it will be worthwhile to study the particle creation on 
a classically fixed background spacetime representing a black hole with varing mass. 
The Vaidya metric2

) is known as such a spacetime. It has the form 

(1·1) 

where mass M(v) is dependent onthe advanced null time v. This metric represents a 
black hole spacetime changing its mass at the rate of dM/ dv by the flow of the null fluid 
from infinity. If the mass function M(v) can be assigned so that the classical mass 
decrease dM/ dv is equal to its quantum radiation rate, it seems that the variation of the 
mass of the real evaporating black hole will be represented approximately by this func
tion. On this situation, Hiscock3

) discussed the mass decrease and the change for the 
particle creation rate by using the energy-momentum tensor of a quantized scalar field in 
two-dimensional spacetime where e = const and ¢ = const slices are taken. He argued the 
condition to the mass change for which the particle creation rate does not diverge on the 
Cauchy horizon formed by the final zero-mass naked singularity. He argued only the case. 
where the mass of the black hole vanishes within a finite time and calculated the energy
momentum tensor exactly only for one example of which the mass decreases linearly with 
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A Model for Evaporating Black Holes 101 

time. That is because we cannot generally put the metric without the angular parts into 
the double null form. 

In this paper we examine the particle creation rate in a model-spacetime such that its 
mass decreases through the infinite time and the metric can be written explicitly in the 
double null form. Though it is shown that this model radiates generally an infinite energy 
and hence it will not represent a real evaporating black hole, this result suggests that a 
real black hole will evaporate within a finite time. In §2 we construct a model for an 
evaporating black hole and in §3, we calculate the particle creation rate in this model 
spacetime. Section 4 is devoted to discussion and remarks. 

-
§ 2. The model spacetime 

As a model spacetime, we consider the situation as follows. At some instance, a delta 
functional shell of null fluid with positive mass collapses from infinity 'and forms a 
spherically symmetric black hole and then a continuously collapsing null fluid with 
negative energy density decreases its mass smoothly to zero at infinite time. This 
situation is realized by connecting flat spacetime and the spacetime described by the mass 
decreasing Vaidya metric at some advanced null time (we choose it as v=O) so that 
metrics are continuous. In the following we consider 8 = constant, ¢=constant slices 
only for simplicity. In region I (v< 0), the metric is 

ds 2 =dudv (2·1) 

with u=v-2R (the usual retarded null time). In region II (v>O), we take the Vaidya 
spacetime ( 1·1) with the mass funciton as follows: 

M(v) evolvol 1 
2 . /(V-VI)2_S evo2 ' (2·2) 

where Vo, VI and e are arbitrary constant parameters. This mass function monotonically 
varies infinity to zero as v varies VI + 2J2C Vo to infinity when e ~ 0, and a finite value to 
zero as v varies zero to infinity when e < O. We take the parameters as VI + 2J2C Vo < 0 so 
that the connection to region I is possible. This mass function varies like V-I for 
sufficiently large V regardless of fhe value of the parameters. This spacetime without 
angular part can be put into double null form 

fi'i2 2 -X2/2cvo2 

d 2 V £,w e d d S=2 + 2TJV w -xw evo (2·3) 

where 

1 x= ;Z(V-2r), (2·4) 

w=x- 2~( V +/V2-Sevo2), (2·5) 

_ fX X2/2cvo2d e ' X2/2cV02 TJ- e x--e w (2·6) 

with 
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Fig. 1. Spacetime diagram for our spacetime by 
means of (v, r) coordinate. H(w=O, 7J=±00) is 
the event horizon and a bold line is curvature 
singularity. A solid line in region II indicates 
constant w, a chained line constant x and a 
dashed line constant 7J. Cones in the diagram 
indicate future directed light cones. 

V=V-Vl. 

;0 

Fig. 2. Penrose diagram for our model spacetime. 
H is the event horizon and corresponds to w=O 
in our coordinate. In region II, a solid line indi
cates constant w, and a chained line constant x. 
.j + line corresponds to w = - 00, .j - to x = - 00 

and i+ to x =00. 

(2·7) 

The relation between the new coordinates and (V, r) coordinates is schematically shown 
in Fig. 1. The characteristic behaviors for these coordinates are given as follows: i)x 
=constant are lines with dv/dr=2. ii) w is the coordinate which is negative outside the 
horizon, and it approaches zero as we approach the event horizon. For V .... HXJ, w~ -l2r 
+ O(1/v). iii) TJ is the coordinate which approaches ±oo as we approach to the event 
horizon. TJ = constant line approaches dv/ dr =2 for r ~ 00. By the usual scheme we can 
easily construct the Penrose diagram (Fig. 2). Note the event horizon corresponds to the 
w=O line and r=O singularity to w 2 -XW+cvo2 =0. 

§ 3. Particle creation in the model-spacetime 

The calculation of the energy-momentum tensor in four dimensional spacetime is 
generally very difficult and complicated.4

) Fortunately, in the case of a spherically 
symmetric spacetime, we can calculate the energy-momentum tensor in the two dimen
sional spacetime5

) with e = constant, ¢ = constant slices if we can put the metric into the 
double null form, and this use of the two dimensional energy-momentum tensor corre
sponds to the evaluation of energy-momentum tensor by the geometric optic approxima
tion to the four dimensional spacetime.6

) 

The general scheme to calculate the energy-momentum tensor in two dimensional 
spacetimes is as follows. 5

) For a two dimensional spacetime we can in principle write the 
metric in the double null form, 
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A Model for Evaporating Black Holes 103 

ds 2 = B( u, v)dudv. (3·1) 

We assume that the spacetime is asymptotically flat for v~ -00 and u~ -00. Then we 
can define the initial vacuum state for the massless scalar field by the requirement that 
modes associate to the field operator are reduced to ordinary plane waves in that region. 
We can evaluate the energy-momentum tensor for the massless scalar field in the initial 
vacuum by the point-splitting method and regularize it so that it does not depend on the 
tangent vector of the point splitting and satisfies covariant conservation low. We call it 
T plI• Then it is given by 

(3·2) 

where 

8iiii= 2iJr { B Bii - ~ ( Bj/)l (3·3) 

8 __ = 1 f~_l..(&)2} 
vv 247ll: B 2 B ' (3·4) 

8iiV= 8Vii=0 , (3·5) 

and 5R is the Ricci scalar of this two dimensional spacetime and, u and if are the 
coordinates on which the initial vacuum is defined. Components in another coordinate 
system are given by the tensor transformation from (3·2). 

In our case we must take 

u=u (3·6) 

and 

if=v. (3·7) 

Then in region I (v< 0) we have 

(3·8) 

To get the energy-momentum tensor in region II, let us pay attention to the following 
general relations. If the metric in region II is given by the form 

ds2=D(XI, x2)dUdv, 

we have the following relations in region II 

Tuu=Au(XI, X2)- AU(.XI, X2), 

where 

A ( ) __ 1 {1bL_l.. (ili)2} 
i Xl, X2 - 24Jr D 2 D . (i= U, v) 

(3·9) 

(3·10) 

(3·11) 

(3·12) 

Here Xl and X2 are some functions of U and v; Xl and X2 are the functions which are given 
by taking v=O in Xl and X2 (see the Appendix). Applying these relations to our case, we 
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104 Y. Kuroda 

have the following relations: 

-4 -:f'/CVo' 

W e {( -2 2 2) -4+2 ( -2+ 2) -3 2 4( -2 - -+ 2)4 x - evo w x - x evo w e Vo w -xw evo 

+ (!l4 +4evo2 !l2 - 5e2vo 4 }w 2 - 4evo2 !l3w + 6e2vo 4(!X
2 

- evo 2 )}, (3·13) 

where !X axd ware related to x and w as Eq. (3·10), and they are related to u as 

_ 1 (_ ) x = ./2 U-Vl , (3·14) 

(3·15) 

The other components are 

(3·16) 

with 

z=x-w (3·17) 

and 

(3·18) 

To see the radiation from this black hole, we must transform the components of the tensor 
into those with respect to the coordinates which behave like flat for the limit r~oo and 
then take r=oo, 17 =00 limit (hereafter we call this limit [+). As our coordinate (v, 17) 
does not behave like ds 2 = dvd17 for r 4 00, we shall express the components of the tensor 
with respect to the one-form basis dv and a/i which form the asymptotically flat coor
dinate basis, where a/i is given by 

(3·19) 

Then the tensor components are given as· follows, 

(3·20) 

2 + 2 

T - - w -:.xw evo x2/2cV02 T 
~v- ./2w2 e ~v . (3·21) 

Since r=oo and (r=oo, 17=(0) correspond to w=-oo and (w=-oo, x=oo), re
spectively in our coordinate, we can obtain the flux from the model evaporating black hole 
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A Model for Evaporating Black Holes 105 

by taking these limit in TpJ/. It is easy to see that 

Tvv= Tijv=O (3-22) 

for w= -00. 

To evaluate the limit of Tijij, we must pay attention to the following relation near 
7)=00, 

(3-23) 

where xo is the value of x at the horizon. Then for the limit w= -00, we have 

_4",.r
4 

-(2X2/CV 02)+(X02/CV02) 
W --s-e 

Vo 
(3-24) 

for sufficiently large .r and positive c. Hence w goes to zero and x to xo as one 
approaches {+, we can find the second term in Eq. (3-20) to which Eq. (3-13) is inserted 
(we hareafter write it as T(2») goes to zero at that limit. The first term (we hereafter 
write it as TO») goes to 

(3-25) 

in the limit w = - 00. Hence we have found T(l) is divergent at the limit w =- 00 and 
.r = 00, and hence the outgoing flux is divergent in that limit. 

§ 4_ Discussion and remarks 

In the previous' section, it was shown that in our model-spacetime an infinite flux of 
energy is radiated at the infinite future and hence it will not represent a real evaporating 
black hole. However, our spacetime is one possible extention of the usual Schwarzschild 
spacetime. To see the limit in which our spacetime approaches the Schwarzschild 
spacetime, let us put 

(4-1) 

and then make Vo go to infinity. Then we have M(v)=m for all v. To see the limit in 
which the radiation from our spacetime approaches the usual Hawking radiation, we must 
make Vo go to infinity for the r and v fixed points, and then take the [+ limit. The 
dominated terms for .r and w with Vo~OO are given by 

Vl . cV02 , 
w~- 12= 212m' 

.r -+ -l2r+2I2m, 

(4-2) 

(4-3) 

from Eqs. (2-3) and (2-4). Then as w= 0(v02
) and.r = 0(1) for the limit Vo~OO, the only 

term in T(l) which survives in the limit Vo -+ 00 is 

(4-4) 
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106 Y Kuroda 

This term is reduced to (16m2
)-\ if we insert the asymptotic expressions (4·2) and (4'3) 

into (4·4) to take the limit VO~OO and then take the limit r~OO. Similarly, T(2) is reduced 
to zero for VO~OO and the {+ limit. Thus Tijij reduces to the usual Hawking flux, 
(768Jrm 2

)-\ in that limit. 
Let us see the meaning of the divergence of the flux of our model-spacetime. For 

w = - 00 and sufficiently large x, Tijij is given by 

(4'5) 

The variable x is thought to be an retarded null coordinate for sufficiently large distance 
from the black hole, since it is given by (2'3). Then if we extrapolate it to near r~O, x 
is related to V as (see Fig. 3) 

~V 
x~ 12. (4'6) 

This time V is thought to be the time when the observed light is left from the event 
horizon. On the other hand, for sufficiently large V, the mass of the black hole at the time 
V (we write it as Mv) is related to V as 

(4'7) 

Then inserting Eqs. (4'6) and (4·7) into (4'5), we ha~e 

o 
\I .... 

v 

r 

Fig. 3. Spacetime diagram for our spacetime with 
(v, r) coordinate. A dashed line indicates outgo
ing null ray (constant 1/) and a chained line 
constant z. An outgoing null ray approaches 
constant z as r-Hx). The value V at r=O with 
constant z is thought to be the approximate 
"time" for the outgoing null ray which 
approaches z at r->oo to go out from the horizon. 

(4'8) 

This is just the Hawking radiation from 
the black hole with mass Mv. The diver
gence of the flux in our model-spacetime is 

. then due to the final zero mass. The 
similarity of the particle creation in the 
final stage to that of Hawking result would 
be because the mass of the model 
spacetime is nearly stationary (1M/ M ~ 0) 
in the final stage. 

Though the divergence of the particle 
creation is explained in our framework of 
two dimensional analysis, it will be neces
sary to study whether the same divergence 
occurs in the four dimensions or not. As 
the use of the two dimensional spacetime is 
the geometrical optic approximation to the 
four dimensions, we may study whether 
geometrical optics is valid in the final 
stage of the evaporation.7) In general, 
geometrical optics is valid for the light 
with the frequency (jj so that (jj2 ~ Max 
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IRap r81 is satisfied along the trajectory where Rap r8 is a curvature tensor component of the 
frame on which (jj is measured.6

) For example, for the Schwarzschild black hole with 
mass M, we have the criterion as follows: 

(4·9) 

where OJ is the frequency at infinity. As the maximum value of the right side of (4·2) is 
0(1/M 2

), geometrical optics becomes worse as M goes to small. But oil the other hand, 
as the temperature of the black hole with mass M is 0(1/ M), the frequency at which the 
radiation has the largest energy is also O(l/M). Then it seems that the ratio of error is 
invariant to the mass M and geometrical optics is valid regardless of the mass. In our 
case, as the model spacetime is nearly stationary at sufficiently late time, as mentioned 
before, it seems that geometrical optics is valid as the Schwarzschild case. So we cannot 
think that the divergent particle ,creation is due to the use of two dimensions. 

If the mass of the black hole varies like v-N(N is the positive constant) for sufficiently 
large v, this model is also nearly stationary for large vas our model. Though we cannot 
exclude the possibility that the model varies its mass like e-V!Vo for sufficiently large v, our 
result suggests that the mass of a black hole must evaporate out within a finite time and 
hence the production of the naked singularity cannot be avoided in the actual case. 
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Appendix 

We shall give the proof to Eq. (3·10). The metric in region II given by Eq. (3·9) can 
be rewritten as 

(A·I) 

where the retarded null times U and u are connected on iJ=O line so that metrics in 
regions I and II are continuous. Then we have 

(A·2) 

Applying the metric in Eq.' (A .I) to the general scheme for calculating the energy
momentum tensor, we have B=D/E in Eq. (3·3). On the other hand, if we transform the 
energy-momentum tensor (3·2) to that of the coordinate U, we have 
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24 T =B,uu _~(B,u )2_---.!L( du )_ B,u 
7r uu B 2 B du dU B· (A-3) 

Inserting B = D/ E in Eq. (A -3) and representing the equation with respect to the 
differentiation of U only by using Eq. (A -2), we have 

247rTuu= D,uu _~( D,u )2_ E,uu +~(E,U)2 
D 2D E 2E· 

(A-4) 

As E is related to D by Eq. (A-2), we finally get Eq. (3-10). 
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