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The velocity distribution of the fractal turbulence in R3 is shown to be the stable distribution with the 
characteristic exponent D/2, where D denotes the fractal dimension of the turbulence. The diffusion 
process of particles in the turbulence and that of electrons in a uniformly magnetized plasma both can be 
approximated by the Levy process. 

§1. Introduction 

A promising theoretical approach to the fully developed turbulence may be the vortex 
models l

) which regard the turbulence as the velocity field produced by randomly distribut
ed sources of circulation such as vortex filaments. By means of these models, the fractal 
structure and the intermittency of the turbulence and also the diffusion process in the 
turbulence are clarified. However, these models are phenomenological and math
ematically more rigorous models are required. 

In this paper, we propose the new vortex model which can be analyzed in a math
ematically rigorous way. The idea of this paper is inspired by Mandelbrot's comments on 
the Holtzmark distribution.2) The Holtzmark distribution is the distribution of the 
gravitational force acting on a star when stars are distributed randomly in space,3) and it 
b~longs to the stable distribution with the characteristic exponent 3/2. 4

) If we regard the 
stars as point vortices and the gravitational field as the velocity field, then we can expect 
that Holtzmark's method is also applicable to the turbulence. In order to consider the 
effect of the fractal structure of the turbulence,2) we generalize Holtzmark's method in the 
case that the point vortices distribute fractally. The resulting velocity distribution also 
belongs to the stable distribution, and its characteristic exponent depends on the fractal 
dimension of the turbulence. 

Since the stable distribution may not be familiar to physicists, we review briefly the 
stable distribution in the following section. In §3, the velocity distribution of the fractal 
turbulence in R3 is obtained by generalizing Holtzmark's method. There the stable 
distributions play important roles. The diffusion process in the turbulence is considered 
in §4. Section 5 is devoted to a problem concerning the anomalous electron transport in 
a magnetized plasma, and a generalization of the model is discussed in §6. Concluding 
remarks are given in §7. 

§ 2. The stable distribution 

The stable distribution proposed originally by Levy is defined as follows. 4
) 

Definition: The distribution R is stable if for each n there exist constants en >0, In 
such that 
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d 

Yn=Cn:x+Yn, (1) 

where Yn=XI+···+Xn and x, Xl, X2, ... , Xn denote mutually independent random 
vaiables with a common distribution R. Here the notation !b means that the random 
variables on both sides have the same distribution. 

It is known that the norming constants are of the form Cn=nl/a with 0< a::;; 2.4) This 
constant a is called the characteristic exponent of R. If R is strictly stable(defined by 
the case Yn=O), the following equation holds for all SI>O and S2>0, (S=SI+S2) 

d 

Sllla·XI+S21/a·X2=sl/a·x. 

This implies that all linear combinations ~ajxj belong to the same type. 
An example of the probability densities of the strictly stable distributions is 

Pa(x )=-21 l°Od~ e-iq.x-Slqla . 
J[ -00 

The characteristic function of this distribution becomes 

(2) 

(3) 

(4) 

The Gaussian distribution and the Cauchy distribution are included in the distribution (3) 
as the special cases for a=2 and a=l, respectively. 

The most remarkable feature for 0< a < 2 is that Pa(x) has a long· tail, i.e., for 
sufficiently large Ix I, 

(5) 

From Eq. (5) it is obvious that absolute moment of order (3( <lxIP») does not exist for 
(3 > a, especially the variance <x 2) diverges. It seems likely that because of this very 
divergence of the variance the stable distributions except the Gaussian have been expelled 
from physics despite the stability is a useful conception. 

The importance of the Gaussian distribution in physics may be mainly due to the 
central limit theorem; any distribution with finite variance belongs to the domain of 
attraction of the Gaussian. Here the definition of the domain of attraction is the follow
ing. 4

) 

Definition: The distribution F of the independent random variables Xk belongs to the 
domain of attraction of a distribution R if there exist norming constants an >0, bn 
such that the distribution of an-I(Yn-bn) tends to R. 
It is noteworthy that the non-Gaussian stable distributions (0 < a < 2) do not belong to 

the domain of attraction of the Gaussian and further they (and only they) have their own 
domain of attraction.4

) Namely, if the divergence of the variance is allowed, those non
Gaussian stable distributions will play important roles. More concretely, the non-Gaus
sian stable distributions are most basic and most important among long-tailed distribu
tions. 

Then the point is whether the divergence of variance is physical or unphysical. 
Intuitively, this divergence seems to violate the physical axiom that "infinity is not 
observable". However, this intuition is not correct. Because even in the case that the 
variance of the population which consists of infinite samples diverges, we cannot observe . 
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the infinity due to the actual restriction that we can treat finite samples only. Exper
imental results in this case will be such that the variance of the experimentally observed 
distribution depends on the sample size and it tends to diverge with the sample size. Such 
cases can be actually found in the experiments on the 1/! noise. The tendency of the 
infrared divergence is confirmed for frequency as small as 10-7 sec-1! 5) Hence the 
divergence should be physical. 

Another property of the long-tailed distribution is the scale invariance. Namely, 
relation (5) does not change urider any scale transformation x~h(A>O). Because of 
this self-similarity, long-tailed distributions play the most important roles in the theory of 
random fractal. 2) Since the fractals are found widely in physics, for example, random 
aggregates,6) strange attractors,7) percolation clusters,S) surface of matter9) and long 
polymers,10) attempts of applying the non-Gaussian stable distributions to physics may be 
promising. 

§ 3. The velocity distribution 

In this section, we consider the turbulent velocity field resulting from a random 
distribution of point-vortices. Let us assume that at a moment N point-vortices are 
distributed in R3. Then the velocity at a point r is given by the Biot-Savart law, 

N 

u(r)=L:uj, 
j=1 

O)jX (r- rj) 
4Jrlr- rjl3 , 

(6 ) 

where rj and O)j denote the position and the vorticity of the j-th vortex. The velocity 
distribution WN(U) can be expressed as follows by applying Markoff's method,3) i.e., 

WN(U)= 8;3 jdpe- iP'U. AN(P), (8) 

AN(P)= f1jdO)j jdrreiP'UJ. rj(rj, O)j), (9 ) 

where rj( rj, O)j) governs the probability of occurrence of the j-th vortex at the position 
rj with the vorticity O)j. 

In order to take into account the effect of fractal structure of turbulence, we postulate 
hereafter that the vortices locate in the random D-dimensional fractal region F D • The 
number D may be considered the fractal dimension of this turbulence. In the case that the 
vortices distribute uniformly over FD , the number of vortices within a sphere of radius R, 
N(R), is statistically proportional to RD and may be expressed as 

N (R ) = TJ ( D ) RD . 
r -+1 2 

JrDI2 
(10 ) 

Here TJ is a constant designating the density of vortices on FD and r(x) is the gamma 
function. A typical example of such fractal distribution is the distribution of stars in the 
universe. The observed exponent D in Eq. (10) is 1.23, which is much smaller than the 
spatial dimension 3.2

) (In this case, N (R) denotes the totlal mass of stars in a sphere of 
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radius R centered on the earth.) Numer
ically this type of fractal distribution can be 
produced easily by means of the Levy flight 
method2) (see Fig. 1). The fractal dimension 
of the real turbulence is estimated both 
experimentally 11) and theoreticallyl),12) to be 
2.6±O.I, hence for convenience of calculation 
in the following D is restricted to 2 < D < 3~ 

If the spatial correlation among the 
vortices is neglected, then we have 

<;;\\~", 
~,.: 

l ~.. ,~ 

if: 

" 
:1" •. 

1I"'~:""i!'~ 
"", . .; 

Fig. 1. An example of random fractal distribution 
with the dimension D = 1.23. The feature is self· 
similar clustering. 

where r( ru) governs the frequency of o~currence of the different' vorticity among the 
vortices. Considering only vortices within a sphere of radius R, by means of assumption 
(11) we find that Eq. (9) reduces to 

where the volume integral is considered in the polar coordinate as 

and 

ruXr 
v(r)= - 4Jriri3' 

(12) 

(13) 

(14) 

After calculating Eq. (12) in the same manner as Holtzmark's method,3) we obtain the 
velocity distribution for the case R ~ ex; , 7J =const in the following form, 

(15) 

with 

(16 ) 

(17) 

This distribution is the stable distribution with the characteristic exponent D/2. The 
Holtzmarkdistribution is included in (15) as the special case D=3, that is, the vortices 
distribute unifonnly in R3. It should be noted that, since the maximum value of D is 3, 
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the characteristic exponent D/2 cannot be 2, 
i.e., W(u) cannot be the Gaussian. 

When the distribution of the vorticity 
r( ro ) is isotropic, W ( u) becomes also 
isotropic and the distribution of I ul is given 
by 

lul~o, (18) 

w 

lUI 
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5 

lul~oo , 

where 

Fig. 2. The Holtzmark distribution -, and the 
Gaussian distribution···. 

r(I+R) 
C == <lroIDI2

). 7J. A. v7i 4 
o 2 (3 D)' 

4 r(-iJ) 
7[D CO 4/D , 

r-+-
2 4 

D+2 . (D ). D a2==-7[-· Co· r 2+ 1 ·slllT7[· 

(19) 

(20) 

(21) 

It is seen from Eq. (18) that the velooity distribution does have a long-tail and the power 
of the tail depends on the fractal dimension of the turbulence. In Fig. 2, the Holtzmark 
distribution is shown with the Gaussian distribution for the same value of the parameter 
co=1 in Eq. (18). 

§ 4. Diffusion in the turbulence 

In this section,we consider the motion of a small light particle which drifts with the 
fluid element of the turbulence. The position of the particle at t = mLlt is expressed as 

(22) 

where each Llxj denotes the displacement of the particle in the time internal 
[(j-1)Llt, jLlt], i.e., Llxj=x(jLlt)-x«j-1)Llt). 

Here we assume that the distribution of the displacements is the stable one with the 
characteristic exponent D/2, that is, the displacemenfs are proportional to the velocities 
obtained in the preceding section. As the Oth order approximation for the time evolution, 
we assume also that LlXl, ... ,Llxn are independent. On these assumptions one can obtain 
the probability distribution of the particle at t = mLlt, P(x, mLlt) under the initial 
condition P(x,O)=O'(x). 

It is a natural consequence from the stability that P(x, mLlt) becomes also the stable 
distribution with the characteristic exponent D/2, in fact, 
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= 8~3 !dpexp{- mclpIDI2_ip.x}. (23) 

In the continuous time limit, Eq. (23) may be written as 

(24) 

where c' == c/ Lit. This shows that the stochastic process of the motion of this particle is 
the Levy process with the characteristic exponent D/2. 13

) And the trail of this particle 
may also be fractal with the dimension D/ 2, that is, intermediate between l(the dimension 
for paths of linear flight) and 2 (that for trails of Brownian motion). 

From Eq. (24) the following important scaling law is readily obtained: 

<Ix( t )1> ex: f 2
1D • (25) 

The diffusion process of this type is often called anomalous in comparison with the 

ordinary thermal diffusion process (/<lxI2> ex:t 1/2
). 

It should be noted that the Levy process (24) cannot be described by the Fokker
Planck equation.13

) 

§ 5. An application to the plasma physics 

As an application of the previous sections, we consider the motion of an electron in 
a uniformly magnetized plasma. The velocity of the guiding center of the electron, V-L, is 
given by 14) 

(26) 

where Band E are the uniform magnetic field directed to the z -axis and the electric field 
at the position of the electron respectively, and the subscript ..L designates the component 
perpendicular to B. 

When no external electric field is applied, E is determined by the Coulomb interaction 
with other particles (electrons and ions) as 

(27) 

where rj and qj are the location and the charge of the j-th particle respectively. If we set 
(t)j==47fqjB/B 2

, then Eqs. (26) and (27) become almost identical with Eqs. (6) and (7). 
Hence the results (15)~(17) are directly applicable to this problem. Calculating Eq. (17) 
with the anisotropic (t)(wx=Wy=O, wz=47fq/B), from Eq. (15) we obtain the distribution 
for V-L. 
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Co * == 7J. A· (47[/ B )DI2. <lqIDI2>, (28) 

where 7J denotes the number density of the particles on the F D • Equation (28) shows that 
the velocity distribution of the electron's guiding center is also stable and its characteristic 
exponent is D/2, where D designates the fractal dimension for the spatial distribution of 
the plasma. 

If we adopt the same assumptions as in §4, the diffusion process of the electron is 
characterized by the following scaling law: 

(29) 

This shows that the electron motion perpendicular to the magnetic field is the Levy 
process with the characteristic exponent D/2. Even in the case that particles distribute 
uniformly inR3

, that is, in the case D=3, the motion of the electron is still anomalous. 
This might indicate a connection with the anomalous electron transport phenomena 
observed experimentally in many fusion devices of magnetic confinement. 

§ 6. A generalization 

In this section, we discuss the following many-particle system. The particles are 
distributed randomly over the D-dimensional fractal region FD in Rd (0< D~ d). The 
interactions among those particles can be divided into the sum of binary interactions as 
follows, 

(30) 

where rj denotes the location of the j-th particle and ej represents the particle's general
ized charge which is the source of the field f( r) and I' is a real constast (I' ~ D/ 2). 

We treat the density of the particles as a free parameter for the distribution of f, and 
let f~ stand for the field variable with density 7J. If we may assume that the form of the 
distribution of f is independent of the density, namely, if 

d 

f~l+ f~2= f~l+h' (31) 

then the distribution must be stable with the characteristic exponent D/r. This result is 
based on the following simple dimensional analysis.4

) Considering that a change of 
density from 1 to A amounts to a change of the unit of length from 1 to A-D

, we see from 
Eq. (30) that f must have the same distribution as 7JTID. A 

The turbulence in R2 is an interesting example. In the same way as in §3, the 
particles are regarded as point-vortices. In Eq. (30), f and ej denote the velocity field and 
the vorticity of the j-th vortex respectively, and 1'=1. Then, if the fractal dimension of 
the turbulence is D, the velocity distribution becomes the stable one with the characteris
tic exponent D. In the case D=2, namely, the case when the vortices are distributed 
uniformly in R2, the velocity distribution becomes the Gaussian which does not appear in 
the R3 turbulence as we have seen in§3. 
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§ 7. Concluding remarks 

In this paper, we have presented some physical models in which the stable distribu
tions with the characteristic exponent less than 2 are rigorously obtained. In the random 
point-vortex model of the turbulence in R\ we have shown that the velocity distribution 
becomes the stable one with the characteristic exponent D/2, where D denotes the fractal 
dimension of the turbulence. We have also found that the diffusion process can be 
approximated by the Levy process with the characteristic exponent D/2. For a uniform
ly magnetized plasma, it was also pointed out that the electron motion perpendicular to 
the magnetic field can be described by the Levy process. 

The essential points for the stable distribution or for the Levy process are as follows: 
First, the system consists of infinitely many particles, and secondly, the interactions 
among the particles can be divided into binary-type interactions, and thirdly, the binary
type interactions are scale invariant, that is, proportional to the power of distances 
between the interacting particles (jr:xr- 7

). And if the spatial distributions of the parti
cles can be regarded as fractal with the dimension D, the characteristic exponent of the 
stable distribution or of the Levy process becomes D/r. 
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